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Abstract. In this paper we address Fano foliations on complex projective varieties. These are foliations 
^ whose anti-canonical class —K^ is ample. We focus our attention on a special class of Fano foliations, 
namely del Pezzo foliations on complex projective manifolds. We show that these foliations are algebraically 
integrable, with one exceptional case when the ambient space is P". We also provide a classification of del 
Pezzo foliations with mild singularities. 
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lO ■ 1. Introduction 

^. 

In the last few decades, much progress has been made in the classification of complex projective varieties. 
The general viewpoint is that complex projective manifolds X should be classified according to the behavior of 
their canonical class Kx ■ As a result of the minimal model program, we know that every complex projective 
manifold can be build up from 3 classes of (possibly singular) projective varieties, namely, varieties X for 
which Kx is Q-Cartier, and satisfies Kx < 0, Kx = or Kx > 0. Projective manifolds X whose anti- 
canonical class —Kx is ample are called Fano manifolds, and are quite special. For instance, Fano manifolds 
I are known to be rationally connected (see jCam92j and |KMM92] ). 

One defines the index lx of a Fano manifold X to be the largest integer dividing ~Kx in Pic(A). A 
classical result of Kobayachi-Ochiai's asserts that lx < dim A -f 1, and equality holds if and only if A ~ P". 
Moreover, lx — dim A if and only if A is a quadric hypersurface f |K073| ). Fano manifolds whose index 
satisfies lx = dim A — 1 were classified by Fujita in [Fuj82a] and |Fuj82b| . These are called del Pezzo 
manifolds. The philosophy behind these results is that Fano manifolds with high index are the simplest 
projective manifolds. 

Similar ideas can be applied in the context of foliations on complex projective manifolds. If ^ C Tx 
is a foliation on a complex projective manifold A, we define its canonical class to be A^ = ~ci{^). In 
analogy with the case of projective manifolds, one expects the numerical properties of A,^ to reflect geometric 
aspects of . In fact, ideas from the minimal model program have been successfully applied to the theory of 
foliations (see for instance |Bru04] and |McQ08| ), and led to a birational classification in the case of rank one 
foliations on surfaces ( IBru04j ). More recently, Loray, Pereira and Touzet have investigated the structure of 
codimension 1 fohations with A^ = in jLPTllb| . 
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In this paper we propose to investigate Fano foliations on complex projective manifolds. These are 
foliations ,^ C Tx whose anti-canonical class —Kg: is ample (see Section [2] for details). As in the case of 
Fano manifolds, we expect Fano foliations to present very special behavior. This is the case for instance if 
the rank of ^ is 1, i.e., =^ is an ample invertible subsheaf of Tx- By Wahl's Theorem |Wah83| . this can only 
happen if (X, ~ (P", 

Guided by the theory of Fano manifolds, we define the index of a foliation ^ on a complex projective 
manifold X to be the largest integer dividing —Kg; in Pic(X). The expected philosophy is that Fano foliations 
with high index are the simplest ones. For instance, when X = P", the index of a foliation ^ C Tpn of rank 
r satisfies Lg: <r. By |DC05i Theoreme 3.8], equality holds if and only if ^ is induced by a linear projection 
P" pn-r^ j_g_^ comes from the family r-planes in P" containing a fixed (r — l)-plane. Fano foliations in 
^ C Tp.. satisfying i,^ = r — 1 were classified in [LPTlla] Theorem 6.2]. They fall into one of the following 
two classes. 

(1) Either ^ is induced by a dominant rational map P" P(l"~'',2), defined by n — r linear forms 
and one quadratic form, or 

(2) ^ is the linear puUback of a foliation on P"-'"+i induced by a global holomorphic vector field. 

In analogy with Kobayachi-Ochiai's theorem, we have the following result. 

Theorem f [ADK08i Theorem 1.1]). Let ^ C Tx be a Fano foliation of rank r on a complex projective 
manifold X. Then ig^ < r, and equality holds only if X ^ P". 

We say that a Fano foliation C Tx of rank r on a complex projective manifold X is a del Pezzo foliation 
a Lg- ^ r — 1. Ultimately we would like to classify del Pezzo foliations. In addition to the above mentioned 
foliations on P", we know examples of del Pezzo foliations of any rank on quadric hypcrsurfaces, del Pezzo 
foliations of rank 2 on certain Grassmannians, and del Pezzo foliations of rank 2 and 3 on P^-bundles over 
P' . These examples are described in Sections |4] and [9l 

We note that the generic del Pezzo foliation on P" of type (2) above does not have algebraic leaves. Our 
first main result says that this is the only del Pezzo foliation that is not algebraically integrable. We also 
describe the geometry of the general leaf in all other cases. 

Theorem 1.1. Let .'P C Tx be a del Pezzo foliation on a complex projective manifold A" 9^ P". Then ^ is 
algebraically integrable, and its general leaves are rationally connected. 

One of the key ingredients in the proof of Theorem 11.11 is the following criterion by Bogomolov and 
McQuillan for a foliation to be algebraically integrable with rationally connected general leaf. 

Theorem 1.2 ( |BM01i Theorem 0.1], [KSCTOTl Theorem 1]). Let X be a normal complex projective variety, 
and ^ a foliation on X . Let C <Z X be a complete curve disjoint from the singular loci of X and ^ . Suppose 
that the restriction ,'P\c is an ample vector bundle on C. Then the leaf of ^ through any point of C is an 
algebraic variety, and the leaf of ^ through a general point of C is moreover rationally connected. 

Given a del Pezzo foliation ^ C Tx on a complex projective manifold X, it is not clear a priori how to 
find a curve C C X satisfying the hypothesis of Theorem 11.21 Instead, in order to prove Theorem II. H we 
will apply Theorem 11.21 in several steps. First we construct suitable subfoliations C ^ for which we can 
prove algebraic integrability and rationally connectedness of general leaves. Next we consider the the closure 
W in Chow(X) of the subvariety parametrizing general leaves of Jif, as explained in Section [S] We then 
apply Theorem 11.21 to the foliation on W induced by J^. 

In the course of our study of Fano foliations, we were led to deal with singularities of foliations. We 
introduce new notions of singularities for foliations, inspired by the theory of singularities of pairs, developed 
in the context of the minimal model program. In order to explain this, let ^ C Tx be an algebraically 
integrable foliation on a complex projective manifold X, and denote hy i : F ^ X the normalization of the 
closure of a general leaf of Then there is an effective Weil divisor A on F such that —Kp — i*{—Kgr) + A. 
We call the pair {F, A) a general log leaf of We say that ^ has log canonical singularities along a general 
leaf if {F, A) is log canonical (see Section [3] for details). Algebraically integrable Fano foliations having log 
canonical singularities along a general leaf have a very special property: there is a common point contained 
in the closure of a general leaf (see Proposition 15. 3p . This property is useful to derive classification results 
under some restrictions on the singularities of such as the following (see also Theorem 18. ip . 
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Theorem 1.3. Let ^ C Tx he a del Pezzo foliation of rank r on a complex projective manifold X 9^ P". 
Suppose that ^ has log canonical singularities and is locally free along a general leaf. Then either p{X) — 1, 
or r <i, X is a f''^ -bundle over P' and ^ Ty/pi . 

Notice that a del Pezzo fohation ^ on X 9^ P" is algebraically integrable by Theorem 11.11 Hence it 
makes sense to ask that ^ has log canonical singularities along a general leaf in Theorem 11.31 above. We 
remark that del Pezzo foliations of codimension 1 on Fano manifolds with Picard number 1 were classified 
in jLPTllal Proposition 3.7]. 

Theorem 11.31 raises the problem of classifying del Pezzo foliations on P™-bundles tt : X — > P'. If m = 1, 
then X ~ Pi X P', and .9 is the puUback via tt of a fohation ,^(1)®* C T^i for some i G {1, 2} (see [HI). For 
m > 2, we have the following result (see Theorems 19.21 and 19.61 for more details). 

Theorem 1.4. Let ^ C Tx be a del Pezzo foliation on a ¥"'--bundle vr : X — P', with m > 2. Suppose 
that ^ (/_ Txjv^- Then there is an exact sequence of vector bundles — > — > — > =S — >■ on P' such 
that X ~ ¥pi{S'), and ^ is the pullback via the relative linear projection X Z = ¥pi(J^) of a foliation 
q* det(.^) C Tz ■ Here q : Z denotes the natural projection. Moreover, one of the following holds. 

(1) I — 1, £S ^(1)7 ample vector bundle such that ^ ^pi(a)®™ for any integer a, and 
S ~ ^(BJe (rsf = 2). 

(2) 1 = 1, ff(2), JT ~ ffpi (a)®" for some integer a^l, and S ^ ^ ® Jif (r^ = 2). 

(3) ? = 1, ^~ €?(1) © ^(1), =;r ~ ^pi(a)®'"-i for some integer a ^ \, and S 1:^ B ® J(f (r^ = i). 

(4) ? ^ 2, ^ ~ and is V -equivariant for some V e H"{¥',Tpi ® ^(-1)) \ {0} (rjr =2). 
Conversely, given Jif , S and =S satisfying any of the conditions above, there exists a del Pezzo foliation of 
that type. 

The paper is organized as follows. In Section [5] we introduce the basic notions concerning foliations and 
Pfaff fields on varieties. In Section |3] we focus on algebraically integrable foliations, and develop notions of 
singularities for these foliations. In Section |4] we describe examples of Fano foliations on Fano manifolds 
with Picard number 1. In Section [5] we study the relative anti-canonical bundle of a fibration, and provide 
applications to the theory of Fano foliations. In Section [HI we recall some results from the theory of rational 
curves on varieties, and explain how they apply to foliations. In Section [7] we prove Theorem 11.11 In 
Section [5] we address the problem of classifying Fano foliations with mild singularities. In particular we 
prove Theorem 11.31 In Section [9] we address del Pezzo foliations on projective space bundles. 

We plan to address Fano foliations on Fano manifolds with Picard number 1 and related questions in 
forthcoming works. 

Notation and conventions. We always work over the field C of complex numbers. Varieties are always 
assumed to be irreducible. We denote by Sing(X) the singular locus of a variety X . Given a sheaf ^ of 
^J'x-niodules on a variety X, we denote by ^* the sheaf J^ome^^^ , Gx)- If t is the generic rank of 
then we denote by det(^) the sheaf (A''^)**. If is another sheaf of ^J'x-modules on X, then we denote 
by ^[(x)]^ the sheaf (^ (8> ^#)**. If is a locally free sheaf of ^x-modules on a variety X, we denote by 
]Px(<^) the Grothendieck projectivization Proj^(Sym((#')). If X is a normal variety and X ^ Y \& any 
morphism, we denote by Tx/y the sheaf (Jl^yy)*. In particular, Tx = (il^c )*■ If X is a smooth variety and 
is a reduced divisor on X with simple normal crossings support, we denote by r2^(log D) the sheaf of 
differential 1-forms with logarithmic poles along Z?, and by rx(— log D) its dual sheal ^\{\og D)* . Notice 
that det(rji^(log D)) ~ ffx{Kx + D). 

Acknowledgements. Much of this work was developed during the authors' visits to IMPA and Institut 
Fourier. We would like to thank both institutions for their support and hospitality. We also thank our 
colleagues Julie Deserti and Jorge Vitorio Pereira for very helpful discussions. 

2. Foliations and Pfaff fields 

Definition 2.1. Let X be normal variety. A foliation on A is a nonzero coherent subsheaf ^ C Tx 
satisfying 

(1) ^ is closed under the Lie bracket, and 

(2) ^ is saturated in Tx (i.e., Txj ^ is torsion free). 
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The rank of ^ is the generic rank of ^ . 

The canonical class of is any Weil divisor on X such that ffx{—K,^) ~ det(^). 

A foliated variety is a pair (X, ^) consisting of a normal variety X together with a foliation on X. 

Definition 2.2. A foliation ^ on a normal variety is said to be 1-Gorenstein if its canonical class is a 
Cartier divisor. 

Remark 2.3. Condition (2) above implies that ^ is reflexive. Indeed, Tx is reflexive by jHarSOi Corollary 
1.2]. Thus, the inclusion ^ cTx factors through ^ C ^** . The induced map ^** Txj ^ is generically 
zero. Hence it is identically zero since Txj ^ is torsion free by (2). Thus ^ — ^**. 

Definition 2.4. Let X be a variety, and r a positive integer. A P faff field of rank r on AT is a nonzero map 
ry : fl^f — >■ where .if is an invertible sheaf on X (see |EK03j ). The singular locus S" of 77 is the closed 
subscheme of X whose ideal sheaf J^s is the image of the induced map fi^f <E) &x ■ 

A closed subscheme y of X is said to be invariant under rj if 

(1) no irreducible component of Y is contained in the singular locus of rj, and 

(2) the restriction yyjy : f^^fl'^ ~^ -^Iy factors through the natural map f^^^^jy — > fJy, in other words, 
there is a commutative diagram 

^x\y -^Iy , 




where the vertical map is the natural one. 

Notice that a 1-Gorenstein foliation ^ of rank r on normal variety X naturaly gives rise to a Pfaff field 
of rank r on X : 

Ti:n'x = A'in^i) A''(r^) ^ A^(,J?*) det(^*) ~ det(^)* = <ffx{K.^). 

Definition 2.5. Let ^ be a 1-Gorenstein foliation on a normal variety X. The singular locus of is 
defined to be the singular locus S of the associated Pfaff field. We say that ^ or (X, ^) is regular at a point 
X e X a X ^ S. We say that ^ or (X, is regular if 5" 0. 

Using Frobenius' theorem, one can prove the following. 

Lemma 2.6 ( [BMOli Lemma 1.3.2]). Let (X, ^) be a 1-Gorenstein foliated variety. Suppose that regular 
and locally free at a point x G X . Then there exists an analytic open neighborhood U of x, a complex analytic 
space W , and a smooth morphism U W of relative dimension r^ such that .^u — Tu /y^r . 

Lemma 2.7. Let X be a smooth variety, and ^ a foliation of rank r on X with singular locus S . Let Si be 
the set of points x € X at which is not locally free, and S2 the set of points x G X such that ^ is locally 
free at x and ,^ ® k(x) — ^ Tx ® k(x) is not injective. 

(1) Then S C Si U S2 as sets, and S \ Si = S2- 

(2) Let Y C X be an irreducible subvariety of dimension r^ such that Y ^ SiU S2- Then Y \ SiU S2 is 
a leaf of ^\x\SiuS-} */ '^^d, only ifY is invariant under the associated Pfaff field rj : D,^^ — > ffxiK,^)- 

Proof. Let a; € X be a point at which ^ is locally free. Then there is an open neighborhood of x where 
det(^*) is invertible. Thus x £ S and only if x G 6*2, proving (1). 

Let a; € F \ 5*1 U S'2 be a smooth point of Y and let vi, . . . ,Vr be local vector fields that generate ^ on 
an affine neighbourhood U of x. Observe that : flx\u ^x{K^)\u is given by 

H%u,^rx\u) H\U,ex{K^)\u) 

a I — > a{vi , . . . , Vr)uj 

where uj G H^{U, ^x{K^)\u) is such that u!{vi, . . . ,Vr) ~ 1. It follows that Y is invariant under rj if and 
only if, for any local function f on U vanishing along Y nU , and any local (r — l)-differential form /3 on U, 
we have (df A (3){vi, . . . , Vr) = 0. This happens if and only if, for any i G {1, ■ . . ,r} and any local function / 
on U vanishing along Y nU, we have df{vi) = . This is in turn equivalent to requiring that Vi{x) G Ty.x 
for any i G {1, . . . , r}, which is saying precisely that Y \ SiiJ S2 is a leaf of .'^\x\SiuS2 ■ This proves (2). □ 
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Next we define Fano foliations and Fano Pfaff fields. 

Definition 2.8. Let X be a normal projective variety. 

Let =^ be a 1-Gorenstein foliation on X. We say that =^ is a Fano foliation if —K^ is ample. In this 
case, the index of =^ is the largest positive integer such that —K^ ~ i-^H for a Cartier divisor H on X. 

Let ^ be a line bundle on X, r a positive integer, and rj : il^ ^ a. Pfaff field. We say that 77 is a 
Fano Pfaff field if is ample. In this case, the index of ry is the largest positive integer such that 

^-1 - jz/®'" for a line bundle on X. 

Remark 2.9. Let X be a smooth complex projective variety. If X admits a Fano foliation or a Fano Pfaff 
field, then X is uniruled by |Miy87| Corollary 8.6]. 

In analogy with Kobayachi-Ochiai's theorem, we have the following. 

Theorem 2.10 ( jADK08| Theorem 1.1]). Let X be a smooth complex projective variety, ^ a line bundle 
on X, r a positive integer, and rj : fi^c a Fano Pfaff field. Then: 

(!) L^^r + 1; 

(2) i^ = r + l if and only if r = dim(X) and (X,^) ~ (P'', ^p,-(-l)); 

(3) — r if and only if either {X,J^) 2± (P", ffrn[—l)) for some n > r, or r = dmi{X) and {X,^) ~ 
(Qr, l))j where Qr denotes a smooth quadric hypersurface inW^^ and ^q^(— 1) denotes the 
restriction of ffyT+i{—l) to Qr- 

Definition 2.11. Let X be a smooth projective variety, and ^ a Fano foliation on X of rank r^ and index 
i^. We say that ^ is a del Pezzo foliation if ^2 and t,^ = — 1. 

3. Algebraically integrable foliations 

Definition 3.1. Let X be normal variety. A foliation ^ on A" is said to be algebraically integrable if the 
leaf of ^ through a general point of X is an algebraic variety. In this situation, by abuse of notation we 
often use the word "leaf to mean the closure in X of a leaf of 

Lemma 3.2. Let X be normal projective variety, and ,^ an algebraically integrable foliation on X . There 
is a unique irreducible closed subvariety W of Chow(A) whose general point parametrizes the closure of a 
general leaf of (viewed as a reduced and irreducible cycle in X). In other words, if U C W x X is the 
universal cycle, with universal morphisms n : U ^ W and e : U ^ X , then e is birational, and, for a general 
point w G W, e(^n~^{w)) G X is the closure of a leaf of ,^ . 

Notation 3.3. We say that the subvariety W provided by Lemma [3.21 is the closure in Chow(A) of the 
subvariety parametrizing general leaves of 

Proof of Lemma \3.S\ First of all, recall that Chow(A) has countably many irreducible components. On the 
other hand, since we are working over C, ^ has uncountably many leaves. Therefore, there is a closed 
subvariety W of Chow(A) such that 

(1) the universal cycle over W dominates X, and 

(2) the subset of points in W parametrizing leaves of ^ (viewed as reduced and irreducible cycles in X) 
is Zariski dense in W . 

Let U CW X X he the universal cycle over W, denote hy p -.W x X and q : W x X ^ X the natural 

projections, and by tt = p\u : U ^ W and e = q\u ■ U ^ X their restrictions to U. We need to show that, 
for a general point w G W, e(7r~^(w)) C A is the closure of a leaf of 

To simplify notation, we suppose that X is smooth. In the general case, in what follows one should 
replace A with its smooth locus Aq, W with a dense open subset Wq C q{p~^{Xo)) and U with Uq = 

q-\XQ)np-HWo)nu. 

Let r]x '■ ^ ^x{K.^) be the Pfaff field associated to It induces a Pfaff field of rank r oriW x X: 
Vw^x ■■ f^Wxx = ^''{P*^w © Q*^x) ^ ^'^{q*^x) - q*^x ^ q*ffx(K^). 
We claim that U is invariant under rjwxx- Indeed, let K be the kernel of the natural morphism ^^^yxjc ~^ 
ri[}. The composite map K — ^ ^wxjf It^ ~^ e* ff x{K.^) vanishes on a Zariski dense subset of U by Lemma 
[271 Since is torsion-free, it vanishes identically, and thus the restriction ?7VKxx|t/ • ^v^xxl'^ — ^ 

0'x{K^) factors through ^wy^x\u ~^ ^u- Similarly, the morphism rju : Q.^j e*^x{K,^) factors 
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through the natural morphism fl^ -» fij^^^. Lemma 12.71 then imphes that, for a general point w G W, 
e(TT~^{w)) C X is the closure of a leaf of J^. □ 

Next we come to the definition of a general log leaf of an algebraically integrable foliation. 

Definition 3.4. Let X be normal projective variety, ^ a 1-Gorenstein algebraically integrable foliation of 
rank r on X, and r/^ : il^^ — ^ ^x{K_^) the corresponding Pfaff field. Let F be the closure of a general leaf 
of and n : F ^ F <Z X its normalization. By Lemma 12.71 P is invariant under 77^, i.e., the restriction 
tj^If '■ ^x\f ^ ^x{K^)\f factors through the natural map i^xl^" ~^ ^f- Lemma 13.51 below, the 
induced map 77 : £7^ — ?> i^x{K,^)\F extends uniquely to a generically surjective map t) : il^ — > n*i^x{K^). 
Hence there is a canonically defined effective Weil divisor A on F such that ffp{Kp + A) ~ n* ffx{K^). 
Namely, A is the divisor of zeroes of ij. 

We call the pair (F, A) a general log leaf of 

Lemma 3.5 ( |ADK08l Proposition 4.5]). Let X be a variety and n : X X its normalization. Let J£ he 
a line bundle on X , r a positive integer, and rj : fl^ — > ^ a Pfaff field. Then rj extends uniquely to a Pfaff 
field fj : ilj^ — )■ n* of rank r. 

Next we define notions of singularity for 1-Gorenstein algebraically integrable foliations according to the 
singularity type of their general log leaf. First we recall some definitions of singularities of pairs, developed 
in the context of the minimal model program. We refer to |KM98[ section 2.3] for details. 

3.6 (Singularities of pairs.). Let X be a normal projective variety, and A ~ ^ a^A^ an effective Q-divisor 
on X, i.e., A is a nonnegative Q-linear combination of distinct prime Weil divisors A^'s on X. Suppose that 
Kx + A is Q-Cartier, i.e., some nonzero multiple of it is a Cartier divisor on X. 

Let f : X ^ X he a. log resolution of the pair {X, A). This means that X is a smooth projective variety, 
/ is a birational projective morphism whose exceptional locus is the union of prime divisors -E^'s, and the 
divisor ^ F^ + /~^A has simple normal crossing support. There are uniquely defined rational numbers 
a{Ei,X, A)'s such that 

+ /-lA = f*{Kx + A) + 51 «(^*' ^)^- 

Ei 

The a{Ei,X, A)'s do not depend on the log resolution /, but only on the valuations associated to the F^'s. 

We say that {X, A) is log terminal (or kit) if all < 1, and, for some log resolution f : X X oi {X, A), 
a{Ei, X, A) > —1 for every /-exceptional prime divisor Ei. We say that {X, A) is log canonical if all a,; < 1, 
and, for some log resolution f : X ^ X oi {X,A), a{Ei, X, A) > —1 for every /-exceptional prime divisor 
Ei. If these conditions hold for some log resolution of (X, A), then they hold for every log resolution of 
(X,A). 

Definition 3.7. Let X be normal projective variety, ^ a 1-Gorenstein algebraically integrable foliation on 
X, and (F, A) its general log leaf. We say that ^ has log terminal (respectively log canonical) singularities 
along a general leaf if {F, A) is log terminal (respectively log canonical). In particular, if ^ has log terminal 
singularities along a general leaf, then A = 0. 

Remark 3.8. Let X be normal projective variety, and ^ a 1-Gorenstein algebraically integrable foliation 
of rank r on X. Let W be the closure in Chow(X) of the subvariety parametrizing general leaves of 
and U C W X X the universal cycle. Denote hy e : U ^ X the natural morphism. We saw in the proof of 
Lemma [22] that induces a Pfaff field rjjj : ilj} e*ffx{K.^), which factors through the natural morphism 

Let W and U be the normalizations of W and C/, respectively. Denote by tt : [/ W and e : U X 
the induced morphisms. By Lemma [3?5l rju : fi^} e*ffx{K^) extends uniquely to a Pfaff field r]fj : 
rij^ e*l^x{K.^)- As before, this morphism factors through the natural morphism il^ ^h/w' yielding 
a generically surjective map 

n^^^^-^e*i?xiK^). 

Thus there is a canonically defined effective Weil divisor A on J7 such that det{n^ ^^)[(E)]^ij{A) ~ e* x{K.^)- 
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Let w be a general point of W, set Uw ^{w) and :— A\ij . Then (J7^,A^) coincides with 

the general log leaf {F,A) defined above. In particular, by |BCHM10l Corollary 1.4.5], ^ has log terminal 
(respectively log canonical) singularities along a general leaf if and only if (C/, A) has log terminal (respectively 
log canonical) singularities over the generic point of W . 

The same construction can be carried out by replacing W with a general closed subvariety of it. 

Next we compare the notions of singularities for algebraically integrable foliations introduced in Defini- 
tion [3?7] with those introduced earlier in |McQ08| . We recall McQuillan's definitions, which do not require 
algebraic integrability. 

3.9 ( |McQ08[ Definition 1.1.2]). Let {X, ^) be a foliated variety. Given a birational morphism (p : X ^ X, 
there is a unique foliation on X that agrees with (p*JF on the open subset of X where (p is an isomorphism. 
We say that (p : {X, JF) {X, ^) is a birational morphism of foliated varieties. 

From now on assume moreover that is Q-Cartier and is projective. Then there are uniquely defined 
rational numbers a{E,X,^ys such that 

= ip*K^ + a{E, X, .^)E, 

E 

where E runs through all exceptional prime divisors for ip. The a{E, X, A)'s do not depend on the birational 
morphism but only on the valuations associated to the i?'s. 
For an exceptional prime divisor E over X, define 



<E) := 



if _E is invariant by the foliation, 

1 if _E is not invariant by the foliation. 




The foliated variety (X, ^) is said to be 

{terminal 
CclhohiCclI 
in the sense of McQuillan if, for all E exceptional over X, a{E, X, ^) 
log terminal 
log canonical 

Lemma 3.10. Let (X,.^) be a I- Gorenstein foliated variety. If is regular, then (X,^) is canonical in 
the sense of McQuillan. 

Proof. Let (p : {X, ^) {X, be a birational projective morphism of foliated varieties with X smooth. 
Let 77^ : ffxiK^) and rj^ : — >■ ffj^{K^) be the associated Pfaff fields. Since ^ is regular, 

ip>*r]^ : (p>*Q^-^ ip* i?x{K is a surjective morphism. 

We claim that the the composite map •p}*^^^ -> VC£ G^iK^) factors through (/J* 77^ : 'p*^''x 
ip* ffx{K.^)- Indeed, denote by K be the kernel of ip*ri^ : p>*^x ~^ V*^x{K.^)- The composite map 
K -T- 'p3*^^x vanishes over a dense subset of X. Since 0^{Kg;) is torsion-free, it 

vanishes identically on X. This proves the claim. So we obtain a nonzero map ip* x{K ^) ffj^{K^). 
Thus there is an effective divisor E on X such that — (p*K^ + E. □ 

Proposition 3.11. Let X be a normal projective variety, and a 1-Gorenstein algebraically integrable 
foliation on X . Let W be the closure in Chow(X) of the subvariety parametrizing general leaves of ,^ . 
If (X,^) is log terminal (respectively log canonical) in the sense of McQuillan, then ^ has log terminal 
(respectively log canonical) singularities along a general leaf. 



Proof. We follow the notation in Remark [ 

Let w &W he a. general point and let {Uw, A^,) be the corresponding log leaf. We denote by 6^ ■ Uw ^ X 
the natural morphism. Recall that 

(3.1) Kfj^^+A^^iliK,^). 

Suppose that {X, JF) is log terminal (respectively log canonical) in the sense of McQuillan. We have to show 
that the pair (C/^,, A^,) is log terminal (respectively log canonical). 

Let d : Y —i' U he a log resolution of singularities, and consider the commutative diagram 
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g 




W 

Denote by the foliation induced by ^ on Y, and notice that — "^yjw- Write 

where E runs through all exceptional prime divisors for g. Note that the support of the divisor A on [/ 
defined in Remark 13.81 is exceptional over X, so the strict transforms of its components in Y appear among 
the £"s. 

Set Y^ d^^{Uw)j dw ■— d\Y^ : Y^ — > U^, and E^ :— EIq . Since w £ W is general, K,^y\y^ — Ky^- 
Thus 

(3.2) Ky^ = dleliK^)+Y,<E,X,^)E^:. 

Notice that d^, : y^, ~> Uw is a log resolution of singularities. From p.2p and p.ip we deduce that 

Ky^ =d*iK^^+A^) + J2a{E,X,^)E^. 

This proves the result. □ 

Remark 3.12. The notions of singularities of foliations discussed above do not say anything about the 
singularities of the ambient space. For instance, let K be a smooth variety, T any normal variety, and 
set X := Y xT, with natural projection p : X ^ Y. Set ^ := p*Ty C Tx- Then (X,.^) is a regular 
1-Gorenstein foliated variety, canonical in the sense of McQuillan, while X may be very singular. 

4. Examples 

4.1 (Foliations of rank r and index r on P"). Let ^ C Tpi. be a Fano foliation of rank r and index = r on 
P". These are classically known as degree foliations on P". By [UC05i Theoreme 3.8], is defined by a 
linear projection P" P"-*". The singular locus of ^ is a linear subspace S of dimension r — 1. The closure 
of the leaf through a point p ^ S is the r-dimensional linear subspace L of P" containing both p and S. Let 
Pi, . . . ,pr € S he r linearly independent points in S, and Vi € iJ'^(P", Tpn (— 1)) a nonzero section vanishing 
at Pi. Then the w^'s define an injective map i^p7i(l)®'" — >■ Tpn whose image is Thus the restricted map 

Tl is induced by the sections e H°{L,Tl{-1)) C iJ"(L, Tp-. In particular, the zero 
locus of the map det(=^)|L det(ri) is the codimension one linear subspace S D L C L. Thus the log leaf 
(F, A) = (L, S' n L) is log canonical, and ^ has log canonical singularities along a general leaf. 

4.2 (Foliations of rank r and index r — 1 on P"). Let C Tpn be a Fano foliation of rank r and index 
= r - 1 on P". By jLPTllal Theorem 6.2], 

• either ^ is defined by a rational dominant map P" P(l"^'', 2), defined by n — r linear forms and 
one quadric form, where P(l"~'', 2) denotes the weighted projective space of type (1, . . . , 1, 2). 

r times 

• or ^ is the linear puUback of a foliation on p"-'"+i induced by a global holomorphic vector field. 
Note that a foliation on p"-''+i induced by a global holomorphic vector field may or may not have 

algebraic leaves. Moreover, algebraically integrable foliations of rank r and index r — 1 on P" may or may 
not have log canonical singularities along a general leaf. 

4.3 (Fano foliations on Grassmannians) . Let m and n be nonnegative integers, and V a complex vector space 
of dimension n + 1. Let G = G{m + 1, V) be the Grassmannian of (m + l)-dimensional linear subspaces of 
V , with tautological exact sequence 

^ ,jr ^ V ® ^ =s ^ 0. 

Let k be an integer such that O^/c^n — rn — 1, and W a, {k + l)-dimensional linear subspace of V . Set 

^ ■.= W®Jf* ^ Y 
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The map V ® X* ^ ® -Jiif* induced by F » ^ yields a map ^ ^ ® JT* ~ Tg- For a general 
point [L] G G, Ln = {0} since fc + m < n — 1. Thus the map ^ ^> Tg is injective at [L]. Since ^ is locally 
free, ^ '-^ Tq is injective. Let P be the linear span of L and W in V^. It has dimension m + k + 2 ^ n + 
Notice that the Grassmannian G{m + 1,P) C G is tangent to ^ at a general point of G(m + 1, P). 

Suppose that k ^ n — m — 2 (or equivalently that dim(P) < dim(F)). Then ^ is a subbundle of Tq in 
codimension one, and thus saturated in Tg by lemma 19.71 In particular ^ is a Fano foliation on G of rank 
r = (to + l)(fc + 1). Its singular locus S is the set of points [L] G G such that dim(L n W) ^ 1. 

Recall that Pic(G) = Z[^g(1)] where ^g(I) - det(^) is the pullback of (1) under the Pliicker 

embedding. It follows that ^ has index = + 1. In particular, = r — 1 if and only if m = 1 and k = 0. 
In this case, G = G(2, V) and J? is the rank 2 foliation on G whose general leaf is the of 2-dimensional 
linear subspaces of a general 3-plane containing the line W. 

Finally, observe that S fl G(m + 1,P) is irreducible and has codimension one in G(m + 1,P). Moreover, 
det(TG(„i+i,P)) ~ ^c(m+i,p){m + k + 2), and det(^)|G(m+i,P) - ^G(m+i,p) (^ + !)• It follows that the map 
det(^)|G(m+i.P) det(rG(m+i.p)) vanishes at order to + 1 along S fl G(m + 1,-P). So the general log leaf 
of ^ is 

{F, A) ^ (G{m + 1, P), {m + 1) • (5 n G(m + 1, F))) . 

In particular, ^ has log canonical singularities along a general leaf if and only if to = 0, i.e., G = P", and 
^ is the foliation described in 14.11 above. In all other cases, the closures of the leaves of do not have a 
common point in G. 

When 171 = 1 and fc = 0, we obtain a rank 2 del Pezzo foliation on G = G(2, V) with general log leaf 
(F, A) ~ (P2, 2H), where iJ is a line in P^. 

Next we want to discuss Fano foliations on hypersurfaces of projective spaces. In order to do so, it will 
be convenient to view foliations as given by differential forms. 

4.4 (Foliations as q-forms). Let X be a smooth variety of dimension n ^ 2, and ^ C Tx a foliation of rank 
r on X. Set N'^ := (Tx/J^)*, and := (N^)*. These are called the conormal and normal sheaves of 
the foliation respectively. The conormal sheaf is a saturated subsheaf of of rank q := n — r. 
The q-th wedge product of the inclusion C fix gives rise to a nonzero twisted differential g-form uj 
with coefficients in the line bundle ^ := det(A^^), which is locally decomposable and integrable. To say 
that w G H^{X, (E> ^) is locally decomposable means that, in a neighborhood of a general point oi X, lu 
decomposes as the wedge product of q local 1-forms lo = uji A ■ ■ ■ A iOq. To say that it is integrable means 
that for this local decomposition one has diUi A lo = for i £ {1, . . . , g}. Conversely, given a twisted g-form 
UJ G H'^{X, ig) Jf) \ {0} which is locally decomposable and integrable, we define a foliation of rank r on 
X as the kernel of the morphism Tx — ^x^^ ® ^ given by the contraction with w. 

Lemma 4.5. Fix n ^ 3, and let X C P"+^ be a smooth hypersurface of degree d ^ 3. Let k and q be integers 
such that k ^ q ^ n — 2 and g ^ 1. Then h'^ (X , rt"^^ (k)) = 0. 

Before we prove the lemma, we recall Bott's formulae. 

4.6 (Bott's Formulae). Let n,p, q and k be integers, with n positive and p and g nonnegative. Then 



/i''(p",f7^„(fc)) = 



''^r^) Cp^) for g = 0, =^ p =^ n and fc > p, 

1 for fc = and ^ p = q ^ n, 

i'-t'') (;'rp ) for g - n, ^ p < n and fc < p - n, 

, otherwise. 



Let r, s and t be integers, with r and s nonnegative. Observe that the natural pairing r2p„ eg) r2p„ ^ — f2p„ 
perfect. It induces an isomorphism A^Tp^{t) ~ flp^^^t + n + l). So the formulae above become 

f (*!::+r) (r.) for . = O, O ^ r ^ n and ^ + ^ 0, 

usrmn .rrr. J 1 for i = -n - 1 and n - r = s n, 

^ ' " I ("*7"') for s = n, r n and t + n + r + 2 0, 

l_ otherwise. 

Proof of Lemma\^ By [FleSll Satz 8.11], 
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(1) h°{X,n'j^{s))^OfoT s<r^n~l, 

(2) h\X,n'xls)) = for 5$ r sC n - 2 and s r- 2. 

Thus, it is enough to prove that h°{X, flxiq)) = for 1 n - 2. Let g e {1, . . . , n - 2}. By Bott's 

formulae, 

(1) /i"(P"+i,f7^„+i(r)) =Oforr ^ 1, 

(2) /ii(P"+i, f7^„+i(s)) = for s<r-l. 

The cohomology of the exact sequence of sheaves on P"+i 

f]«„+, iq-d)~^ i7^„+, (q) ^ n;,,^, (g) Ix ^ 0, 

and the vanishing of H°{r'+\ 0«„+i (g)) and (P"+i, r2«„+i (q-rf)) imply the vanishing of H°{X, 17^„+i (g) 
The cohomology of the exact sequence of sheaves on X 

and the vanishing of H'^{X, ilp^^i{q)\x) and H^{X, f2^^(g — d)) yield the result. □ 

Proposition 4.7 (Fano foliations on hypersurfaces). Fix n ^ 3, and let X C P"+i be a smooth hypersurface 
of degree c? ^ 3. Let r G {2, • • • ,n — 1}, and l be a positive integer. Then there exists a Fano foliation of 
rank r and index l on X if and only ifd + i^r + 1. 

Proof. Let be a Fano foliation on X of rank r and index t defined by a twisted (n — r)-form uj G 
l]^~''(n + 2 - d - t)). Notice that l<n-rs^n-2. By lemma 1431 we must have 

n — r<n + 2 — d — i, 

or, equivalent ly, 

d + Li^r + 1. 

Conversely, let r 6 {2, • • • ,n-l} and t be such that d + L^r + 1. Let w £ iJ"(P"+\ rjp^i (n + 2 - d - i)) 
be a general twisted {n — r)-form defining a Fano foliation of rank r + 1 and index (i + /,<r + lon P"+^. 
Then uj\x € H^{X^ 51^^' (n + 2 — d — i)) defines a foliation on X of rank r and index i. □ 

Corollary 4.8. Fix n ^ 3, and Zet X C P"+^ &e a smooth hypersurface of degree d ^ 2. Then there exists 
a Fano foliation on X of rank r G {2, • • • , n — 1} and index t = r — 1 if and only if d ~ 2. 

Proof. Suppose there exists a Fano foliation on X of rank r G {2, • • • , n — 1} and index t = r — 1 on X. By 
Proposition [47l we must have d ^ 2. Conversely, a foliation of rank r + 1 and and index i = r + 1 on P"+i 
induces a foliation of rank r and index i = r — lonX. □ 

Question 4.9. Let X C P"+^ be a smooth hypersurface of degree d ^ 2 and dimension n ^ 3. Let C Tx 
be a Fano foliation of rank r and index l on X, with d+ l — r + 1. Is ^ induced by a Fano foliation of rank 
r + 1 and index r + 1 on P"+i ? 

In Section [9l we provide several examples of del Pezzo foliations on projective space bundles. 

5. The relative anticanonical bundle of a fibration and applications 

In |Miy93| Theorem 2], Miyaoka proved that the anticanonical bundle of a smooth projective morphism 
f : X ^ C onto a smooth proper curve cannot be ample. In jADK08|, Theorem 3.1], this result was 
generalized by dropping the smoothness assumption, and replacing —Kx/c with —{Kxjc + where A is 
an effective Weil divisor on X such that {X, A) is log canonical over the generic point of C. In this section 
we give a further generalization of this result and provide applications to the theory of Fano foliations. 

Theorem 5.1. Let X be a normal projective variety, and f : X ^ C a surjective morphism with connected 
fibers onto a smooth curve. Let A-|_ C X and A_ C X be effective Weil Q-divisors with no common 
components such that f^:ffx{k^-) — for every non negative integer k. Set A :— A_|_ — A_, and assume 
that Kx + A is Q^-C artier. 

(1) // (X, A) is log canonical over the generic point of C , then —{Kx/c + ^) ^■s '^ot ample. 

(2) // (X, A) is kit over the generic point of C , then —{Kx/c + ^) i^ot nef and big. 
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Proof. To prove (1), we assume to the contrary that (X, A) is log canonical over the generic point of C, and 
— {Kx/c + A) is ample. Let n : X ^ X he a log resolution of singularities of {X, A), ^ an ample divisor on 
C, and m 3> such that D = —m(Kx/c + A) — f*A is very ample. Then 

Kj, + TT-i A+ - 7r-iA_ = 7r*{Kx + A+ - A_) + E+-E_, 

where E^ and are effective 7r-exceptional divisors with no common components and the support of 
TT^-'^A + E+ + E^ is a snc divisor. 

Set f :— f o TT and let D G \'^*E>\ be a general member. Setting A+ — tt^^A^ + -^D + E^, we obtain 
that {X, A+) is log canonical over the generic point of C and that 

Kx + A+ f Ac + E++ 7r-iA_ - 1/* A. 

m 

Furthermore, since is effective and 7r-exceptional, ir^ffj^ilE^) — Gx for any I G N. Then for any 
/ G N, 

j,0x^lm[K^^^ + A+)) ^ j^0^{l[TnE+ + m^r^A^ - f A)) 

~ f^ffxiKmE+ + rmr-'^A.)) (g> ^cHA). 

Observe that f^ffj^{lm{E+ + tt^^A-)) = ffc- Indeed, let U C C be a non empty open subset and let 
A G H'^{f^'^{U), ffx{lm{E+ + 7r^^A_))) that is, A is a rational function on X such that div(A) + lm{E+ + 
7r~^A_) ^ over f~^{U). Let A be the unique rational function on X such that A — tt o A. Then 
div(A) + ImA- > over f^^{U) since E+ is 7r-exceptional. Since /*^x(^™A_) — by assumption, 
there exists a regular function ji on U such that X — f o fi over f^^{U). Thus the natural map 
f^:0'x{lm{E+ + 7r~-'^A_)) is an isomorphism as claimed. 

Finally, observe that f*i^x{lm{Kx^(j + A+)) is semi-positive by |Cam04| Theorem 4.13], but that con- 
tradicts the fact that A is ample. This proves (1). 

To prove (2) , we assume to the contrary that {X, A) is kit over the generic point of C, and — {Kx /c + A) is 
nef and big. There exists an effective Q-Cartier Q-divisor N on X such that — (iCx/c + A) — eA^ is ample for 
< e < 1. Let < e < 1 be such that {X, A + eN) is kit over the generic point of C. Set A^ := A+ + eN, 
A'_ := A_, and A' := A + eN. Then 

^{Kx/c + A') = -{Kx/c + A)-eN 
is ample, contradicting part (1) above. This proves (2). □ 

Remark 5.2. Examples arising from Fano foliations show that Theorem 15.11 is sharp. To fix notation, let 
5 Tx be an algebraically integrable Fano foliation on a smooth projective variety X, with general log 
leaf (F, A). We let C C Chow(X) be a general complete curve contained in the closure of the subvariety 
parametrizing general leaves of We denote by U the normalization of the universal cycle over C, with 
universal morphism e : U X. Since C is general, e : U ^ X is birational onto its image. By Remark 13.81 
there is a canonically defined Weil divisor A on ?7 such that —{Kij/q -|- A) = e*(— fsT^). In particular, since 
—K^ is ample, —{Ku/q + A) is always nef and big. It is ample if and only if the leaves parametrized by C 
have no common point. Moreover, {U, A) is log canonical over the generic point of C if and only if {F, A) 
is log canonical. 

By choosing ^ to have log canonical singularities along a general leaf, we see that we cannot strengthen 
the conclusion of Theorem 15.11 by replacing "ample" with "nef and big" . 

On the other hand, consider the rank 2 del Pezzo foliation ^ on X = G(2, V) defined in 14.31 Then 
(F, A) ~ {P^,2H), where H is a line in P^. So it is not log canonical, while in this case —{Ku/c + A) 
is ample. So we cannot relax the assumption that (C/, A) is log canonical over the generic point of C in 
Theorem 15.11 

As a first application of Theorem l5.ll we derive a special property of Fano foliations with mild singularities. 
This property will play a key role in our study of Fano foliations. 
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Proposition 5.3. Let X be a normal projective variety, and ^ C Tx an algebraically integrahle Fano 
foliation on X. If has log canonical singularities along a general leaf, then there is a common point in 
the closure of a general leaf of ^ . 

Proof. Let W be the normalization of the closure in Chow(X) of the subvariety parametrizing general leaves 
of and U the normalization of the universal cycle over W , with universal family morphisms: 

U — ^X . 



w 

Denote by Uw the fiber of tt over a point w € W. 

For every x ^ X, TT\e-i{x) ■ e~^{x) — is finite. If we show that dim(e^^(x)) ^ dini(VF) for some x ^ X, 
then we conclude that 7r(e^^(a;)) — W, and thus x G e(Uw) for every vu S W, i.e., x is contained in the 
closure of a general leaf of 

Suppose to the contrary that dim (e~^(a;)) < dim(M^) for every x € X. Let C C be a general complete 
intersection curve, and let Uc be the normalization of 7r^^(C), with natural morphisms ttq ■ Uc — > C and 
ec ■ Uc X. Since C is general, C is not contained in 7r(e^^(x)) for any x G X, and thus the morphism 
ec ■ Uc X is finite onto its image. In particular, e^(— if^) is ample. 

By Remark l3.8l ^ induces a generically surjective morphism r2[|^yp det(^)*. By Lemma [5^ below 

followed by Lemma l3.51 after replacing C with a finite cover if necessary, we may assume that nc has reduced 
fibers. This implies that det(r2^^yp) ~ ffjj^^{Kij^ jc)- Thus there exists an effective integral divisor Ac on 
Uc such that 

-{Ku^,c + Ac) = eU~K^). 

Since ^ has log canonical singularities along a general leaf, the pair {Uc,^c) is log canonical over the 
generic point of C. But this contradicts Theorem 15. 1[ and the result follows. □ 

Lemma 5.4 ( |BLR95| Theorem 2.1']). Let X be a quasi- projective variety, and f : X ^ C a flat surjective 
morphism onto a smooth curve with reduced general fiber. Then there exists a finite morphism C C such 
that f : X' C is flat with reduced fibers. Here X' denotes the normalization of C and f : X' ^ C 

is the morphism induced by the projection C Xc X ^ C . 

Using these ideas, next we give elementary proof of the Lipman-Zariski conjecture for kit spaces (see 
[GKKPini Theorem 6.1]). 

Proposition 5.5. Let ^ be an algebraically integrable foliation on a normal projective variety X . Suppose 
that ^ has log terminal singularities and is locally free along a general leaf. Then the leaf through a general 
point of X is proper and smooth and there exists an almost proper map X --^ Y whose general fibers are 
leaves of . 

Proof. Let W be the normalization of the closure in Chow(X) of the subvariety parametrizing general leaves 
of and U the normalization of the universal cycle over W. By |Kol07[ Theorem 3.35, 3.45] (see also 
jGKKlOi Corollary 4.7] and Theorem 18. 2p . there is a log resolution of singularities d : Y —i' U such that 
d^Tyi— log's) = Tjj where S C F is the largest reduced divisor contained in d^^ {S\ng{U)) . Consider the 
commutative diagram: 



g 




By assumption, there is a dense open subset Wq C W such that e*.^ is locally free along [/q := 7r^^(Wo). 
We set Yq :— d^^{Uo) and So '■— By Remark 13.81 since e*^ is locally free along Ua, ^ induces a 

foliation (e*^)|c/o C Tjj^. Thus there is an injection 



5*^|yo -^ry„(-logSo) cTy„. 
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Hence there exists an effective integral divisor Eq on Yq such that 

KYo+^0 + K = i9*K^)\Yo- 

Let w G Wq be a general point, and {Uw, A^) the corresponding log leaf. Set :— d~^{Uw), '•— d\Y^^ : 
:= S|y„, and := E'|y^. By assumption, {Uw,Aw) is log terminal. Thus A^, = 0. Hence 
Ku^ = {e*K^)\u„, and we get 

Ky^ + E^ + = {g*K^)\Y^ = dlKu^. 

Notice that : F„, — > is a log resolution of singularities, and recall that Uw is log terminal. On the 
other hand, E^, and E^ are effective integral divisors on K^. So we must have E^, = E^ = 0. This implies 
that Uia is smooth, and by Lemma [5.61 below. ^ is regular along the image of Uw Q 

Lemma 5.6. Let Y he a variety with normalization morphism n :Y ^ Y . Let 'i^ be a locally free sheaf of 
rank on Y and rj : i7y ^ be any morphism. Let f] : il^, — > be the extension given by |Sei66| . Let r be 
a positive integer and let Sr{ri) (resp. Sr{f])) be the locus where /\^rj : fiy — > A''^# (resp. /\^f} : il-, n* 'i§ ) 
is not surjective. Then Srifj) = n~^{Sr{ri)). 

Proof. If 7] has rank > r at a some point y in y then n*r] has rank > r at every point in n^^{y) and thus fj 
has rank > r at every point in n~^(jj). Therefore Sr(jj) C n~^{Sr{ri)). 

Let us assume that 77 has rank ^ r at some point y inY . By shrinking Y if necessary, we may decompose 
as ^y*^*"*^ ©$#L in such a way that the induced morphism 770 : Jly — )■ ^y'^^"'" is zero at y. Write 77 = (770 1 ^71) 
and let ija : fl^^ ^ ti*^®''^"'' (respectively fji : 0.1 77*^1) be the extension of 770 : ^ 
(respectively 771 : fly -> ^^i) given by |Sei66] . Then 77 = (770,771) and the claim then follows from [Dru041 
Lemme 1.2]. □ 

Corollary 5.7 (Lipman-Zariski conjecture for kit spaces. See also [GKKPlOj Theorem 6.1]). Let X be a kit 

space such that the tangent space Tx is locally free. Then X is smooth. 



Proof. The result follows from proposition 15.51 applied to the foliation induced by the projection morphism 
X X C — > C, where C is a smooth complete curve. □ 

Proposition 5.8. Let be a l-Gorenstein algebraically integrable foliation on a normal projective variety 
X . Suppose that ,^ has log terminal singularities along a general leaf. Then det(^) is not nef and big. 

Proof. We let C C Chow(X) be a general complete curve contained in the closure of the subvariety 
parametrizing general leaves of We denote by U the normalization of the universal cycle over C, with 
natural morphisms tt : U ^ C and e : U X. Since C is general, e : U ^ X is birational onto its image. 
Thus if —K^ is nef and big, then so is e*(— X^). 

By Remark 13.81 ^ induces a Pfaff field ^Ij^q -> e* ^ci^K^), where r denotes the rank of By Lemma 
15.41 followed by Lemma 13. 5( after replacing C with a finite cover if necessary, we may assume that tt has 
reduced fibers. This implies that det{n^^^) ~ 0'ij{KiJi(j). Thus there exists a canonically defined effective 
divisor A on [/ such that 

-{Ku/c + ^)=e*{-K,^). 
By assumption, ([/, A) is log terminal over the generic point of C . So, by Theorem 15. 11 e*{—K^^) cannot 
be nef and big. □ 

6. Foliations and rational curves 

If a smooth projective variety X admits a Fano foliation then it is uniruled, as we have observed in 
Remark 12.91 In order to study the pair {X, ^) , it is useful to understand the behavior of ^ with respect 
to families of rational curves on X . This is the theme of this section. We start by recalling some definitions 
and results from the theory of rational curves on smooth projective varieties. We refer to |Kol96j for more 
details. 

Let X be a smooth projective variety, and H a family of rational curves on X, i.e., an irreducible 
component of RatCurves"(X). If C is a curve from the family H, with normalization morphism / : P"'^ ^• 
C G X , then we denote by \C] or [/] any point of H corresponding to C. Wc denote by Locus{H) the locus 
of X swept out by curves from H . We say that H is unsplit if it is proper, and minimal if, for a general 
point X G Locus{H), the closed subset of H parametrizing curves through x is proper. We say that H is 
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dominating if Locus{H) = X. In this case we say that a curve C parametrized by iJ is a moving curve on 
X, and that any curve from H is a deformation of C. 

6.1 (Minimal dominating famihes of rational curves). Let X be a smooth projective uniruled variety. Then 
X always carries a minimal dominating family of rational curves. Fix one such family H, and let [/] G be 
a general point. By |Kol96[ IV.2.9], f*Tx ^pi (2) © ^pi (1)®'' © where d = deg(/*rY) - 2 > 0. 

Given a general point x E X, let be the normalization of Hx. By [Kol96[ II. 1.7, II. 2. 16], is 
a finite union of smooth projective varieties of dimension d = deg(/*Tx) — 2. Define the tangent map 
Tx : Hx V{TxX*) by sending a curve that is smooth at x to its tangent direction at x. Define Cx to be 
the image of in ¥(TxX*). This is called the variety of minimal rational tangents at x associated to the 
minimal family H. The map : Hx — > Cx is in fact the normalization morphism by |Keb02j and [HM04j . 

Definition 6.2. Let ttq : Xq Yq he a proper morphism defined on a dense open subset of X. A family of 
rational curves H on X is said to be horizontal ( with respect to ttq ) if the general member of H meets X^ 
and is not contracted by ttq. If moreover Locus(H) dominates Yq, then we say that H is h-dominating (with 
respect to ttq). 

Notice that if X admits a horizontal family of rational curves, then it admits a minimal horizontal family 
of rational curves. Indeed, it is enough to take a horizontal family having minimal degree with respect to 
some fixed ample line bundle on X. Similarly for h-dominating families. 

Lemma 6.3. Let X be a smooth projective variety, and ttq : Xq Yq a surjective proper morphism defined 
on a dense open subset of X . Suppose that H is a minimal horizontal family of rational curves with respect 
to ttq. Then —Kx ■ H < dimlo + 1; where —Kx ■ H denotes the intersection number of --Kx with any curve 
from the family H . Moreover 

• If —Kx ■ H = dimlo + 1; then H is dominating. 

• If —Kx ■ H = dimlo; then Locus(H) has codimension at most 1 in X. 

Proof. Let x be a general point in Locus{H), and denote by Locus{IIx) the locus of X swept out by curves 
from Hx. By assumption, any irreducible component Z of Locus{IIx) is proper. Moreover, by [Kol96l 
IV. 3. 13.3], any curve in Z is numerically proportional in X to a curve from the family H. In particular Z 
cannot contain any curve contracted by ttq. Therefore dim (^Locus{Hx)) < dim(yo)- 

On the other hand, by [Kol96. IV.2.6.1], dim^X) + {-Kx ■ H) < dim {Locus{H)) + dim {Locus{Hx)) +1. 
Thus 

-Kx-H < dim(yo) + 1 - (dim(X) -dim (Locus(i/))) < dimYo + l- 

If —Kx H = dimYb + lj then we must have dim (^Locus{H)^ = dim{X), i.e., H is dominating. If —Kx H = 
dim Yqj then we must have dim{X) — dim {Locus{H)^ < 1. □ 

6.4 (Rationally connected quotients). Let Hi,. . . ,Hk be families of rational curves on X. For each i, let Hi 
denote the closure of Hi in Chow(X). Two points x,y £ X are said to be {Hi, . . . , 7?^)- equivalent if they 
can be connected by a chain of 1-cycles from Hi U • • • U H^- This defines an equivalence relation on X. By 
[Cam92) (see also [Kol96i IV.4.16]), there exists a proper surjective equidimensional morphism ttq : Xq — Tq 
from a dense open subset of X onto a normal variety whose fibers are {Hi, . . . , 7?fc)-equivalence classes. We 
call this map the {Hi, . . . , Hk) -rationally connected quotient of X . When Tq is a point we say that X is 
{Hi, . . . , iJfe)-rationally connected. 

From now on we investigate the behavior of foliations on a smooth projective variety X with respect to 
families of rational curves on X. We start with a simple but useful observation. 

Lemma 6.5. Let X be a smooth projective variety, H a family of rational curves on X , and ^ an alge- 
braically integrable foliation on X . Suppose that £ is contained in a leaf of ^ and avoids the singular locus 
of for some [£] 6 H. Then the same holds for general [£] £ H. 

Proof. Let W be the closure in Chow(X) of the subvariety parametrizing general leaves of with universal 
family morphisms: 



p 



W 
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Let be a general very ample effective divisor on W, and set £/ — q^:{p* (si/w))- 

The condition that £ is contained in a leaf of ^ and avoids the singular locus S' of ^ is equivalent to the 
condition that £ f) S = and ■ £ — Q. Hence, if this condition holds for some [£] € H, then it holds for 
general [£]e H. □ 

Lemma 6.6. Let X be a smooth projective uniruled variety, Hi, • • • , Hk unsplit families of rational curves 
on X , and ^ an algebraically integrable foliation on X . Denote by ttq : Xq — > Tq the {Hi, ■ ■ ■ , Hk) -rationally 
connected quotient of X . Suppose that a general curve from each of the families Hi 's is contained in a leaf 
of ^ and avoids the singular locus of ^ . Then there is an inclusion Tx^/To C -^{xo- 

Proof. Let W be the closure in Chow(X) of the subvariety parametrizing general leaves of with universal 
family morphisms: 

U — 



W 

Let Aw be a general very ample effective divisor on W, and set A — q^{p*{Aw))- By assumption, a general 
curve £ C X parametrized by each Hi is contained in a leaf of and avoids the singular locus of Thus 
A-£^0. 

Let Xt — {no)^^{t) be a general fiber of ttq. By |Kol961 IV. 3. 13. 3], every proper curve C C Xt is 
numerically equivalent in X to a linear combination of curves from the families i?i's , and so A • C = 0. This 
shows that A\xt = 0, and thus Xt C q{p~^{w)) for some w G W, i.e., Xt is contained in a leaf of We 
conclude that Tx„/To =^lxo by Lemma [6.71 below . □ 

Lemma 6.7. Let be a foliation of rank r^ on a normal variety X, and tt : X Y an equidimensional 
morphism with connected fibers onto a normal variety. Suppose that the general fiber of ir is contained in a 
leaf of ^ . Then ^ induces a foliation of rank rc^ = r^ — (dim(X) — dim(y)) on Y, together with an 
exact sequence 

Tx/Y ^ (tt*^)**. 

Definition 6.8. Under the hypothesis of Lemma [6771 we say that ^ is the pullback via tt of the foliation . 

Proof of Lemma \6.7\ Notice that the induced map Tx/y ~^ Tx/-^ is generically zero by assumption. Since 
Txj ^ is torsion free, it must be identically zero, hence we have an inclusion Tx/y C 

First we define the foliation C Ty induced by ,^ analytically. Let y G F be a general point. Choose 
an analytic open neighborhood V <ZY oi y, and a local holomorphic section s : V ^ X oi tt. There exists 
an analytic open neighborhood U C X oi x — s{y), and a complex analytic space W such that the leaves of 
are the fibers of a holomorphic map p : U ^ W. After shrinking V if necessary, we get a holomorphic 
map p o s : V ^ W, which defines a foliation on V. Notice that 

(6.1) Ty^, = d7r,(T,^), 

where dwr^ : T^X — >■ TyY denotes the tangent map of tt at x, T^^ and Ty'i^ denote the fibers of C Tx and 
C Ty at X and y, respectively. Notice that does not depend on the choice of local section s -.V ^ X, 
since X is normal, Tx/y C ,^ , and tt has connected fibers. Moreover, these foliations defined locally glue 
and extend to a foliation of rank rc^ — r ,^ — (dim(X) — dim(y)) on Y . 

Next we give an algebraic description of Since tt is equidimensional, there are dense open subsets 
Xq (Z X and Yq C F such that codimx(-^ \ -^^o) > 2, codimY'(y \ Iq) > 2, ttq := 7r|xo rnaps Xq into 
Yb, =^0 '■— ■^\xo is a subbundle of Txg, and % := '^Wo is a subbundle of Ty^. Consider the tangent map 
dTTo : Txo — > {-koYTyo. By (|6.ip . % coincides with the saturation of the subsheaf (ttq), (d7ro(^o)) in TVj,, 
and the induced map a : (i7ro(=^o) — > {t^o)*Tyo / [T^oy^o is generically zero. Since % is a subbundle of Ty^, 
(7ro)*7Vo/ (7ro)*% is torsion free, and hence the map a must be identically zero. So we have an exact sequence 
Txo/Yo ^0 ^ {t^o)*%- Note that the sheaves Tx/y, ^ and (tt*^)** are refiexive. Since reflexive 
sheaves on a normal variety are normal sheaves ( jHarSOi Proposition 1.6]), and codimjs:(^ \ ^o) ^ 2, we 
obtain an exact sequence Tx/y ^ (tt*'^)**. □ 



In the setting of Lemma l6.6[ if moreover the families -ff^'s are dominating, then we may drop the assump- 
tion that is algebraically integrable. This is the content of the next lemma. 
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Lemma 6.9. Let X be a smooth projective variety, Hi, ■ ■ ■ ,Hk unsplit dominating families of rational curves 
on X , and a foliation on X . Denote by ttq : Xq — To the {Hi, ■ ■ ■ , Hk) -rationally connected quotient of 
X. If Tpi C f*^ for general [f] G Hi, < i < k, then there is an inclusion Tx^/To C ^Ixq- 

Proof. Recall that for general [/] G Hi one has f*Tx ^ ^pi(2) © ^pi(l)®* © where n = dimX 

and di = deg(/*Tx) — 2. Hence, the assumption ^pi(2) ~ Tpi C f*^ implies that the natural inclusion 
Tpi C f*Tx factors through f*,^ ^ f*Tx- Therefore a general curve from each of the families i/^'s is 
contained in a leaf of 

Let X G X he a general point. We define inductively a sequence of (irreducible) subvarieties of X as 
follows. Set Vo(x) :— {x}, and let Vj+i{x) be the closure of the union of curves from the families Hi, 
< i < k, that pass through a general point of Vj{x). 

Then dim Vj-|_i(x) > dimVj(a;), and equality holds if and only if Vj^i{x) ~ Vjix). In particular, there 
exists jo such that — Vja{x) for every j > jo- We set V{x) — Vj^X^^- Since x is general, V{x) is 

smooth at x. Notice also that V(x) is irreducible, and that V(x) is contained in the leaf of ^ through x by 
construction. 

We define the subfoliation C ^ by setting = T^Vix) for general x G X. The leaf of 'f through x 
is precisely V[x). In particular ^ is an algebraically integrable foliation of X. Moreover, by construction, a 
general curve from each of the families HiS is contained in a leaf of , and avoids the singular locus of 'f 
by |Kol96i II. 3. 7]. The result then follows from Lemma |6^ □ 

Next we apply the results from the previous section to characterize pairs {X, ^) when is a Fano 
foliation that is ample when restricted to a general member of a minimal covering family of rational curves 
on X. 

Lemma 6.10. Let X be an n-dimensional smooth projective variety admitting a minimal dominating family 
of rational curves H . Let ^ C Tx be a Fano foliation of rank r on X . If f* ^ is an ample vector bundle 
for general [/] G H, then {X,^) ~ (P", O(l)®'') . 

Proof. Denote by tto : Xo Tq the i?-rationally connected quotient of X. By [ADK08| Proposition 
2.7], after shrinking Xq and To if necessary, we may assume that ttq is a P'^-bundle, and the inclusion 
■^\xo ^ Txo factors through the natural inclusion Tx„/To ^ ^Xo- Recah that f*Tx„/To - 0(2)©0(l)®'=-i. 
If 0(2) C f*^ for general [/] G H, then the general curve from H is tangent to the foliation JF. Hence 
the general fiber of ttq is contained in a leaf of Since ^\xo ^aTo/To; must have ^\xo = Tx„ /Ta- 
li 0(2) f*^ for general [/] G H, then Opfc(l)®'-. Since ^|xo is saturated in T^o/To, we must 
have r < k. Then |DC05[ Theoreme 3.8] implies that the foliation induced by ^ on a general fiber of ttq 
is Opfc(l)®'' ^ Tpk. In either case, we conclude that ^ is algebraically integrable and has log canonical 
singularities along a general leaf. Proposition 15.31 then implies that there is a point x € X contained in the 
closure of a general leaf of This is only possible if Tq is a point, and {X, = (P", O(l)®''). □ 

Lemma 6.11. Let X be a smooth projective variety, Xq d X a dense open subset, Tq a positive dimen- 
sional normal variety, and ttq : Xq Tq a proper surjective equidimensional morphism with and rationally 
connected general fiber. Let T be the normalization of the closure of Tq in Chow(X), and U the universal 
cycle over T. 

Through a general point of Tq there exists a curve Cq C To such that the following holds. Let C T be 
the normalization of the closure of Cq in T, Uc the normalization of U x^C, and ttc ■ Uc ^ C the induced 
morphism. Then 

• all irreducible fibers of ttq '. Uc — > C are reduced, 

• Uc X is finite, and 

• no fiber of ttc *s entirely mapped into the exceptional locus of the universal morphism U ^ X. 
Moreover, given any subset Z CT such that codimT(^) > 2, Cq can be chosen so that the image of C in T 
avoids Z. 

Proof. Consider the universal morphisms 

U—^X. 



T 
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Given t ^T, we write Ut = Tr^^{t). 

Since X is smooth, the exceptional locus E oi e has pure codimension one in U. Let F be an irreducible 
component of E. Since Xq n e{E) — and it is equidimensional, 7r(F) has codimension one in T. Moreover, 
Vt £ T, either F Ci Ut — 0, or F Ci Ut is a union of irreducible components of Ut- So we may assume 
that Xo = X \ e{TT-^{TT{E))). Let E' C E he the union of irreducible components F oi E such that 
7r~"'^(7r(F)) C E. If t G tt{E) \ tt{E'), then Ut has at least two irreductible components, at least one of which 
is not contained in E. 

Let So C To he the locus over which the fibers of ttq are multiple, and let S he its closure in T. By 
|GHS03j . codimT(S') > 2. Let C C X \ e(E U tt-'^^S U Z)) he a general complete intersection curve, and 
set Co ■= TTo{C n Xo) C To \ 5. Let Uc be the normalization of L/ C, and tt^ : L/c — > C the induced 
morphism. By construction, the irreducible fibers of ttc over Cq are reduced. Moreover, the image of C in 
T does not meet tt{E'). Hence the fibers of ttc over C \ Co have at least two irreductible components, at 
least one of which is not mapped into E. □ 

Lemma 6.12. Let X be a smooth projective variety, Xq <Z X a dense open subset, To a positive dimensional 
normal variety, and ttq : Xo To a proper surjective equidimensional morphism of relative dimension r — 1. 
Let ^ be a rank r Fano foliation on X , and assume that there is an exact sequence 

where ^o is an invertihle subsheaf of Tto ■ Suppose that the general fiber F o/ttq is rationally connected, and 
satisfies ci(^)'"^^ ■ F <2 for some ample line bundle si on X. 
Then ^o defines a foliation by rational curves on To ■ 

Proof. Let T be the normalization of the closure of To in Chow(X), and U the normalization of the universal 
cycle over T . We denote by tt : J7 — >■ T and e :U ^ X the universal morphisms, and by E the exceptional 
locus of e. Let ,!^u he the foliation induced by ^ on U . Notice that is regular along the general fiber 
of TT. Moreover ."^u and e*^ agree on U \E. 

By Lemma [6.71 there exists a smooth open subset Ti C T with codimT(T \Ti) > 2, a rank 1 subbundle 
'^1 C , and an exact sequence 

-> Tu,/T, ^ ^^U^ ^ (^r^l), 

where Ui = 7r^^(T'i), — -^ulun £ind tti = Tr\ui ■ Ui — > Ti. In particular, there is a canonically defined 
effective divisor Di on Ui such that 

(6.2) £^u^{-K^,^) ~ 7r*'^i ® {^u^{-D,) [®] det {Tu,/t,)) ■ 

Moreover, since is regular along the general fiber of tti, the divisor Di does not dominate Ti. 

Let Co —> To he the curve provided by Lemma [6. Ill and n : C ^ T the normalization of its closure in T. 
We also require that n{C) C Ti. Let Uc he the normalization of Ui C, and denote by ttc ■ Uc C, 
q : Uc Ui, and ec '■ Uc X the natural morphisms: 




By Lemma [6. Ill 

(a) all irreducible fibers oi nc ■ Uc ^ C are reduced, 

(b) ec ■ Uc ^ X is finite, and 

(c) no fiber of ttc is entirely mapped into E by q. 

Since ci{£/Y~^ ■ F < 2, condition (a) above implies that every fiber of ttc is reduced at all of its generic 
points. Thus ttc is smooth at the generic points of every fiber (see |Gro661 Chap. IV CoroUaires 15.2.3 and 
14.4.2]). By shrinking Ti if necessary, we may assume that the same holds for tti. By [Dru991 Lemme 4.4], 
det(T[/p/c) ^ ^Uci-Kuc/c), and det(Tt/^/Ti) ^ &Ui{-Kui/tJ- Thus 

(6.3) ^Uci-Kuc/c) ^ q* det{Tu,/Tj. 
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Since ,!^Ui and e*^ agree on Ui \ E, there are effective divisors A+ and A_ on Uc, both supported on 
components of fibers of ttc that are mapped into E by q, such that 

(6.4) q*i-K^,J = e*c{-K,^) + A+ - A_. 

Condition (c) above implies that A+ and A_ are supported on reducible fibers of nc, and no fiber of nc is 
entirely contained in their supports. In particular, (Trc),^^/^ (fcA_) = \/k > 0. 
By pulling back (|6.4p to Uc, and combining it with (|6.2p and (|6.3p . we get that 

^Uc{-iKuc/c + D + A+-A_)) ~ ^uci^hi-K.^)) ® 

where D is an effective divisor on Uc that does not dominate C. By Theorem l5.ll — (-fCj/c/c + ^ + ^+ ^ 
is not ample. On the other hand, condition (b) above implies that ep(— is ample. So we must have 
degc{n*^i) > 0, and thus the general leaf of the foliation on Tq defined by % is a rational curve by 
Theorem [Til □ 

7. Algebraic integrability of del Pezzo foliations 

In this section we prove Theorem 11.11 Our argument involves constructing subfoliations of del Pezzo 
foliations which inherit some of their positivity properties. One way to construct such subfoliations is via 
Harder-Narasimhan filtrations, as we now explain. 

7.1 (Harder-Narasimhan filtration). Let X be an n-dimensional projective variety, and £/ an ample line 
bundle on X. Let ^ be a torsion- free sheaf of rank r on X. We define the slope of ^ with respect to 
£/ to be — ''-^^■^^'^ . We say that ,^ is \x^-semistahle if for any subsheaf of =^ we have 

i^A'S) < M^(^)- 

Given a torsion- free sheaf ^ on X, there exists a filtration of ^ by subsheaves 

with /i^-semistable quotients Qi — SijSi-x, and such that /^^^(Qi) > [i.si{Q2) > ... > Hs/iQk)- This is 
called the Harder-Narasimhan filtration of ^ (see |HN75j . |HL97[ 1.3.4]). 

Lemma 7.2. Let X be a normal projective variety, si an ample line bundle on X , and ^ C Tx a foliation 
on X . Let = J^o C ,^1 C • • • C — ^ be the Harder-Narasimhan filtration 0/ J? with respect to si . 
Then C Tx defines a foliation on X for every i such that fis/{^i) > 0. 

Proof. This is well known. See for instance |She921 Lemma 9.1.3.1]. □ 

Notation 7.3. Let X be a normal projective variety, s/ an ample line bundle on X, and ^ a coherent 
torsion free sheaf of ^jf-modules. Let G N, 1 < i < dim(X) — 1, be large enough integers. Hi € \mis/\ 
be general members, and set C := -ffi n • ■ ■ n -ffdim(x)-i- By the Mehta-Ramanathan Theorem (see |MR82| 
6.1] or [HL97| 7.2.1]), the Harder-Narasimhan filtration of with respect to s/ commutes with restriction 
to C. In this case we say that C is a general complete intersection curve for ^ and si in the sense of 
Mehta-Ramanathan. If J? and s/ are clear from the context, we simply say that C is a general complete 
intersection curve. 

Lemma 7.4. Let X and Y be .smooth complex projective varieties with dim(y) ^ 1, Xq an open subset of X 
with codimx(-'f \^o) > 2, Ko a dense open .subset ofY and ttq : Xq Yq a proper surjective equidimensional 
morphism. Let be a coherent torsion-free sheaf of ffy -modules on Y , and ^ a coherent torsion-free sheaf 
of &x-modules such that ^\xa — '^V^\yq. Let si be an ample line bundle on X, and C C Xq a general 
complete intersection curve for and si in the sense of Mehta-Ramanathan. Suppose that ,'P\c is not 
semistable. 

Then there exists a .subsheaf Jif C such that fJ'(^{T^Q{'y^\Yo))\c^ > m(=^|c)- 

Proof. Consider general elements Hi G \misi\, for i e {1, . . . ,dim{X) — 1}, where the m.^ e N are large 
enough so that the Harder-Narasimhan filtration of commutes with restriction to the complete intersection 
curve C = HiCi- ■ • n-ffdim(x)-i- Set Z := iJi n ■ • • n ffdim(X)-dim(y) , and Zq := ZCiXq. Then Z is a smooth 
variety of dimension equal to dim(y), and the restriction ipo :— ■kq\zq '. Zq ^ Yq is a finite morphism. Denote 
hy j : Zq ^ Z the inclusion. 
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Let K he a splitting field of the function field K{Zo) over K{Yo), and let t/j : Z' ^ Z C X be the 
normalization of Z in K. Set Zq := ?/'~^(Zo), and let j' : Zq ^ Z' be the inclusion. Let ipo be the restriction 
of ^ to Z^, a nd set := (i/^*^)** = jU^Po^Poi^Wo)) ■ Let G be the Galois group of K{Z^) over K(Yo). 

By |HL97[ Lemma 3.2.2], is not semistable with respect to ip*H\z- Let be the maximally destabi- 
lizing subsheaf of Then ^(^-j^) > M(V'*i</)(^')- This implies A^(^w)('^"|c) > A^(vw)(^'|c")j where 

Because of its uniqueness, the maximally destabilizing subsheaf S" of is invariant under the action 
of G on . Thus, up to shrinking Yq if necessary, we may assume that there is a subsheaf C ^ such 
that ~ {j*^o^*ai^\Yo))- By [HljTl Lemma 3.2.1], H(^^^){<^') = M(^*^)(<^'lc') = d ■ ^i^{J^f\c), and 
fJ'(4>'j^){'^') = fJ'(4>'.s/){'^'\c') = d ■ /x^(^]c), where d denotes the degree of C" — > C. □ 

Proposition 7.5. Le< X be a normal projective variety, si an ample line bundle on X , and C Tx a 
foliation on X. Suppose that iJ.s^{,^) > 0, and let C d X be a general complete intersection curve. Then 
either 

• ^ is algebraically integrable with rationally connected general leaves, or 

• there exits an algebraically integrable subfoliation ^# C ^ with rationally connected general leaf such 
that det(^) • C ^ det(^) ■ C. 

Remark 7.6. Let =^ be coherent torsion-free sheaf of ^x-modules on X, and C C X a general complete 
intersection curve. Then ^ is locally free along C, so that det(^) • C is well-defined. 

Proof of Proposition \ 7. 5\ Suppose that ^ is semistable with respect to s/. Then ^^Jc is semistable with 
slope //(^Ic) > 0, and is an ample vector bundle by |Har711 Theorem 2.4]. Thus ^ is algebraically 
integrable with rationally connected general leaf by Theorem 11.21 

Suppose that ^ is not semistable. Let = C C • • • C = ^ he the Harder-Narasimhan 
filtration of ^ with respect to s/. Note that fc ^ 2. Set io := max{i ^ 1 | > 0}, and 

:— J^ig. Since /i.6/(^#) > 0, C Tx defines a foliation on X by Lemma [7.21 above. Since /i.6/(^i) > 
fJ.^{-^2/-^i) > ■ ■ ■ > fis^i^k/'^k^i), we must have 

• f-s^i'^i/'^i-i) > for all i ^ io, and 

• fi^i^i/^i^i) ^ for any i ^ io + 1. 

Thus 

(1) {^i/^i-i)\c is an ample vector bundle on C for any i ^ io by |Har7H Theorem 2.4], and 

(2) det(^,/^,_i) • C for i ^ io + 1. 

From (1) it follows that ^^jc is an ample vector bundle on C. Thus is algebraically integrable with 
rationally connected general leaf by Theorem 11.21 From (2) it follows that 

dem-C = Ei^.^,0 clet(^./^,_i)) • C 

= det(^) ■ C - det(^,/^,„i)) . C 

^ det(jr) • C. 

□ 

These results allow us to prove Theorem 1 1.1 1 in the special case when X has Picard number 1. 

Proposition 7.7. Let be a del Pezzo foliation on a smooth projective variety X 9^ P" with p{X) — 1. 
Then J? is algebraically integrable with rationally connected general leaf. 

Proof. By Remark l2.9[ X is uniruled. Since p{X) = 1, X is in fact a Fano manifold. Let he an ample 
line bundle on X such that Pic(X) = Z[j2/]. By assumption, det(^) ~ jz/®*""^, where r = ^ 2. 

Suppose that is not algebraically integrable with rationally connected general leaf. By Proposition [TiSl 
there exits a subfohation C. such that det(^^) ~ s^^'^^ for some k'^ r — 1'^ rcg. By |ADK081 Theorem 
1], (X,^)~(P",^P„(1)). □ 

In the next two propositions we address algebraically integrability of del Pezzo foliations on projective 
space bundles. Recall from 14.1] the description of degree foliations on P", — ^pn(l)®'' C Tpn. The 
leaves of are fibers of a linear projection P" --^ pn-i- from an (r — l)-dimensional linear subspace of P". 
We want to describe families of such foliations. 
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7.8 (Families of degree foliations on P'"). Let T be a smooth positive dimensional variety, S' a locally free 
sheaf of rank m + 1 > 2 on T, and set X :— Pt(<o')- Denote by (1) the tautological line bundle on X, by 
TT : X ^ T the natural projection, and by F ~ P™ a general fiber of tt. Let Jif C Tx/t be a foliation of rank 
s > 1 on X, and suppose that M'\y — {1)®" C Tpm . We first observe that there is an open subset Tq C T, 
with codimT(T \ Tq) > 2, such that, for any t £ Tq, ,3^\xt ^ ^p-CI)®** C Tp™, where Xt = Tr'^it) ~ P". 
Indeed, there exists an open subset Tq C T, with codimT(T \ Tq) > 2 such that (Tx/t)/'^ is fiat over Tq- 
Then, for any t S Tq, the inclusion C Tx/t restricts to an inclusion J^\xt Q Tp™. In particular, J^\xt 
is torsion free for any t E Tq. By removing a subset of codimension > 2 in Tg if necessary, we may assume 
that ^pr.(s) ~ {det{Jf))\xt ^ det {J^\xt) C A"Tp™ for any t e Tq. By Bott's formulae, Jf\xt is saturated 
in Tp™. So =^|xt is a degree foliations of rank s on P™, i.e., J^\x, ^ ^p™(l)®''. 

Set y := 7r,(^(-l)) C 7r*(Tx/T(-l)) S* , and denote by f the saturation of r' in g* . Note that 
7r*T^ is a reflexive sheaf by [HarSOi Proposition 1.9]. The above observations imply that over Tq we have 
y = r, and 7r*r ~ (-1). Hence = (7r*r)(l). In particular, 

det(^) ~ 7r*(detr) ^jf(s). 

Let be the kernel of the dual map S — s- 'f*. By removing a subset of codimension > 2 in Tq if 
necessary, we may assume that there is an exact sequence of vector bundles on Tq: 

^ jtIto ^ s\t„ ^ r*|To ^ 0. 

Consider the P'^^^-bundle Z :— Pt'o(^Ito), with natural projection q : Z Tq. The above exact sequence 
induces a rational map p : tt^^ITq) Z over Tqi which restricts to a surjective morphism po • -''^o ~^ -^j 
where Xq is the complement in tt^ ^(Tq) of the P^'-i-subbundle Pto('^Ito) C P(<^|to)- By construction, 
J^\xo = Txo/z- Note also that codinij^ (X \ Xq) > 2. 

Proposition 7.9. Let C be a smooth complete curve, S" an ample locally free sheaf of rank to + 1 > 3 on 
C , and set X := Pc((o'). Denote by ffx{^) the tautological line bundle on X , and by n : X ^ C the natural 
projection. Let C Tx/c be a foliation of rank r > 2 on X such that det(^) ~ Gxij — 1) ® tt*^ for some 
nef line bundle Jff on C . Then ,^ is algebraically integrable with rationally connected general leaf. 

Proof. Denote by F ~ P™ the general fiber of tt. We may assume that ^ C Tx/c- So the restriction of 
to y is a Fano foliation of rank r and index r — 1 on P™. Recall from l4.2l the classification of such foliations 
established in [LPT 11a] . The foliation ^ is algebraically integrable if and only if so is C Ty. So we may 
assume that is the puUback via a linear projection P™ pm-r+i q£ foliation on p'n-^'+i induced 
by a global holomorphic vector field, i.e., ,^|y ~ ^?pm{iy~^ © ^p™. 

Set y := 7r4,^(-l)) C 7r4Tx/c(-l)) ^ S'* , and denote by f the saturation of Y' in S"* . Notice that 
the inclusion (7r*l^')(l) C ,^ extends to an inclusion ^ := (7r*1^)(l) C =^ C Tx/c- So ^ is a subfoliation 
of ^ of rank r - 1 such that ~ ^p.(l)'^-i. 

Let the notation be as in l7.8[ with T = Tq ^ C and s = r — 1. There is a surjective morphism pq : Xq — > Z 
such that J^lxo = Tx^/z, and det{^) ~ 7r*(det(r)) (g) &x{r - 1). 

By Lemma [13 ^ induces a rank 1 fohation ^ C on Z such that det(^|xo) - det (Txg/z) Vq^ ■ 
(Notice that is an invertible sheaf by |Har80[ Proposition 1.9].) Recall that codimjc (X \ Xq) > 2. So 

~ q* (^det{y*) (g) and det('^*) is ample since so is Let B C Z he a. general complete intersection 
curve. Then is an ample line bundle. Thus is a foliation by rational curves by Theorem 11.21 The 
general leaf of ^ is the closure of the inverse image by po of a general leaf of ^. Hence it is algebraic and 
rationally connected. □ 

Proposition 7.10. Let S be an ample locally free sheaf of rank m + 1 > 2 on P', and set X := Ppi(#). 
Denote by ffxi^) the tautological line bundle on X, tt : X — P' the natural projection, and Y ~ P™ the 
general fiber of tt. Let ^ C Tx be a foliation of rank r > 2 on X such that det(^) ~ ^xif — 1) ® 7r*.5f for 
some nef line bundle ^ on P'. Suppose that ^ ^ Tx/v^, and set M' := O Tx/pi • Then 

(1) ^ is algebraically integrable with rationally connected general leaf; 

(2) r £ {2, 3}, and r = 3 implies I = 1; 

(3) if ~ &pi unless r ^ 2, I ^ I, and ^ ^ ^pi (1),- 

(4) if m>2, then 3>'^\y ~ C Tp™, and there is an exact sequence 

^ ^ ^ ^ TT*^, 
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where M C Tpi is an ample invertihle subsheaf. 
(5) if m ~ 1, then Z > 7' = 3, X ~ x P' , J/^ = Tx/pi, and ^ is the puUback via the natural projection 
Pi X P' ^ P' of a degree zero foliation &pi {1) ® &pi {!) C Tpi on FK 

Proof Denote by C F ~ P™ a general line. Set ^ := ^/JT C 7r*Tpi. Notice that is saturated in 
Tx, and stable under the Lie bracket. So it defines a foliation of rank rj^f < r on X. Note also that =S 
is torsion-free. The sheaves and =S are locally free in a neighborhood of £, and we have an exact 

sequence of vector bundles 

^ B\i 0. 

Notice that C {Tr*Tp,)\i ^ , and det{J^\e) ~ ^pi(r - 1) ® det(^|^)* C A''-^'" (Tp™ l^). So 
deg (det(^)lf) £ {-1,0}. We claim that det(^)|f ~ ^pi. Suppose to the contrary that det(^)|^ ~ ^pi(-l). 
Thenr^ = r-1 = m, ^ = T^/pi, and ~ ^pi (2) © ^pi (1)®'-^ © ^pi (-1). By lemma[671 ^ induces a 
rank 1 foliation on P'. Let Co C P' be the germ of a (complex analytic) leaf of this foliation. Then 7r^^(Co) 
is a germ of a leaf of and thus f*^ ~ ^pi(2) © ^pi(l)®''"^ © i^'pi, a contradiction. This proves that 
det(=2)|£ ~ ffpi. Since det{J^f\i) ~ £>'pi{r — 1) C A'^-^'" (Tpin j^) and r^ff < r, one of the following occurs. 

(a) m > r, |^ ~ ^pi(l)®'-i, and ~ ^pi; or 

(b) m = r - 2, ^ = Ty/r , and ~ ^pi © ^pi . 

First we treat case (a). By generic flatness, we have Jf\Y £ Tpm. Notice that J^\y is closed under the 
Lie bracket, and det (^J^\y) — ffpm{r — 1) C A^'^^Tp,,.. By Bott's formulae, ,^\y is saturated in Tpm . So 
|y is a degree foliations of rank r - 1 on P", i.e., M'\y ^ ^p-(1)®'-i C Tp™. 

By [HarSOi Proposition 1.9], is locally free, and thus ~ n*^ for some invertible subsheaf^ C Tpi . 
We have ^x(r - 1) tt*^ ~ det(^) ~ det(Jf ) Tr*M. 

Let the notation be as in l7.8[ with T = P' and s = r — 1. So we have a a surjective morphism pq : Xq — j> Z 
such that Jflxo = Txo/z, and det(jr) ~ 7r*(det(r)) © ^x(?- - 1)- Hence ^ ~ det(r*) C Tpi. Recall 
from 17.81 the exact sequence of vector bundles on Tq : 

-> JTIto ^\t„ ^ y*\To ^ 0, 

where Tq C P' is an open subset such that codimpi (P' \ To) > 2. Since S' is ample, and Y has rank r — 1, we 
must have det('^*) ~ ^pi{k) for some k>r — \. By Bott's formulae, r ^ 3. Moreover, if / > 2, then r = 2 
and ^ ^ ffpi. If r = 3, then I ^ 1 and ^ 0'pi. If 2 and ^ = 1, then if ~ ffpi (fc) for some fc G {1, 2}. 

By Lemma [6J1 ^ induces a rank 1 fohation C T^ on Z such that det(^|xn) — det (Txo/z) ® Pq^. 
Notice that is an invertible sheaf by |Har80[ Proposition 1.9]. Recall that codimx(^\^o) > 2. So we have 
^ ~ g*(det(r*) ©if), and det(r*) is ample since so is rf. Recall also that g : Z -J> Tq is a P'"-''+i-bundle. 
So through a general point of Z there exists a complete curve B not contracted by g, and avoiding the 
singular locus of the foliation C Tz- The restriction is an ample line bundle. Thus is a foliation by 
rational curves by Theorem 11.21 The general leaf of ^ is the closure of the inverse image by po of a general 
leaf of Hence it is algebraic and rationally connected. 

Next we consider case (b): — Tx/pi, I > 3, and ~ ffpi © ffpi. By Lemma ^ is the 
pullback via tt of a rank 2 foliation C Tpi. In particular, det(^) ~ det(T;f/pi) © 7r*det(J#). Hence 
det(J#) ~ det{S') © if C A^Tpi. By assumption, if is nef and S" is ample of rank > 2. So, by Bott's 
formulae, we must have det(=S) ~ ^p!(2), rank(^) = 2 and if ~ ffpi. Since S" is an ample vector bundle, 
(?|pi ~ ^pi(l)®2 for any line P^ C P'. By |OSS80[ Theorem 3.2.1], ~ ^pi(l) © ^r(l). Thus X ~ P^ x P', 
and ^ is a degree zero foliation on P' . The leaves of ^ are 2-planes containing a fixed line in P' . Hence the 
leaves of ^ are algebraic and rationally connected. □ 

Remark 7.11. Let the notation and assumptions be as in Proposition 17.101 and denote by (T, A) the 
general log leaf of If m > 2, then tt induces a P''~^-bundle structure tt^. : T — ?> P^. If / = 1, then then 
A is a prime divisor of 7r^-relative degree 1. If / > 1 (in which case r = 2), then A is the union of a prime 
divisor of 7r^-relative degree 1 and a fiber of tt^. If to = 1, tt induces a P^-bundle structure tt^ : T -> P^, 
and A is a fiber of tt^. Notice that in all cases {F, A) is log canonical. 

Remark 7.12. In Section IH] we will classify locally free sheaves on P' for which X = ¥{£") admits a del 
Pezzo foliation ^ ^ Tx/pi- Moreover, we will give a precise geometric description of such foliations. 
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Now we consider another special case of Theorem 11.11 

Proposition 7.13. Let ^ he a del Pezzo foliation of rank r > 2 on a smooth projective variety X. Let 
H be minimal dominating family of rational curves on X , with associated rationally connected quotient 
TTo : Tq. Suppose that ^|xo ^Xq/Tq. a^c^ f*-^ - ^pi(l)®''"^ © ^pi for a general member [/] G H. 

Then there are integers I > 1, m > 2, and an ample locally free sheaf S on P' such that X ~ Ppi((o'). 
Moreover, under this isomorphism, ttq becomes the natural projection ¥pi{(^) — >P', anrf det(j^) ~ i^xiT — l), 
where ^x(l) is the tautological line bundle on 

In particular, is algebraically integrable with rationally connected general leaf by Proposition \7.10\ 

Proof Write det(^) = for an ample line bundle on X. Then /W ~ (^pi(l) for any [/] e H, 

which implies that H is unsplit. By |ADK08[ Lemma 2.2], we may assume that codimx(^ \ ^o) > 2, Tq is 
smooth, and ttq is proper, surjective, equidimensional, and has irreducible and reduced fibers. We denote by 
m the relative dimension of ttq, and set I := dimTg. 

First we show that ttq is a P"-bundle. Set Jifg ■= ^ ^Xq/To = ker(^|xo ^ t^ITt^)- Let [/] e B 

be a general member. By assumption, f*.^ ~ ^pi(l)®''~i © ^pi and ■^\xo Txa/To- Moreover f*TTo ~ 
^edim(To)_ So conc lude that ^ has rank equal to r - 1 < m, and ~ ^pi(l)®'-i. Thus ttq is a 

P™-bundle by |ADKQ81 Proposition 2.7]. Denote by F ~ P" a general fiber of ttq. 

Let Jf' C ^ be a saturated subsheaf extending ^ C =^|xo, and set ^ := (^/Jf)**. Then is 
reflexive, ^ is locally free of rank one by [HarSO. Proposition 1.9], and det(=^) ~ det{J^) ^. Moreover, 
J2\y — ^pm. Therefore there exists an invertible subsheaf % C Tt„ such that =S|xo — t^q'^o, and an inclusion 

(7.1) (^Uo)^'-"' ^ det(^UJ ^ A'-'Tx,/To®K% ■ 

The next step is to show that induces a foliation by rational curves on Tq. For this purpose, let 
B C Xq be a general smooth complete curve, set := {tto\b)*'^o, Xb ■= Xq XTq B, and consider the 
induced P™-bundle ttb ■ Xb B. Denote by £/xb the ample line bundle on Xb obtained by pulling back 

from X. Then (|7.ip yields an inclusion 

It follows from [ADKOSi Lemma 5.2] that degg{'S^B) > 0. By Theorem II. 21 this implies that the general leaf 
of the foliation induced by % C Tt^ is a rational curve. 

Let C ~ P^ be a smooth compactification of a general leaf Cq of the foliation induced by % C Ttq , and 
let Xc be the normalization of the closure of ttq (Cq) in X, with induced morphism ttc '■ Xq — > C. Denote 
by s^Xc the pullback of ^ to Xc. Every fiber of ttc is generically reduced and irreducible since it has degree 
one with respect to the ample line bundle s^Xc ■ Since C is smooth, ttc is flat, and Xc is normal, every flber 
satisfy Serre's condition Si, and hence it is integral. Therefore ttc '■ Xc — ?► C ~ P'^ is a P^-bundle by |Fuj75[ 
Corollary 5.4]. Notice that the image of Xc in X is invariant under Thus, by Lemma [3.51 ^ induces 
a foliation ^Xc of rank r on Xc such that det(^Xc) — {■^Xc)'^^~^ ® '^h-^ f^"^ some nef line bundle ^ 
on C. It follows from Proposition 17. 101 that r S {2,3}, and ^Xc is algebraically integrable with rationally 
connected general leaf. Hence the same holds for ^ . 

Let (F , A) be a general log leaf of ^ . Denote by e : — > X the natural morphism, and by jz/^ the 
pullback of to F . Recall the formula: 

{s^f-^)®ep(k) ~ 0p{e*{-K,^) + K) - 0p{-Kp). 

Notice that F is also the normalization of a general leaf of ^Xc for some C as above. By Remark l7.111 
TTc induces a P''~-^-bundle structure tt^ : F -> P-^. So we can write F ~ Ppi ((Trj^)*^^.) , and (tt^)*^^ — 

(^pi(ai) © • • • © ^pi(ar), with 1 < ai < • • • < a^. Then Gpi^-Kp) ~ 7r|,i^pi(-ai + 2) jz/^''. 

Substituting this in the formula above, we get: 

As |7r|,^pi(-ai Or + 2) © 

In particular, we see that A contains a unique irreducible component that dominates P^ under -np, which 
we denote by a. Moreover, the restriction of tt^ to a makes it a P''^^-bundle over P^. 

Let ct' : P^ ^> F be the section of tt^ corresponding to a general surjection S ^pi(ar), and set 
C — fT'(P^) C F . Then C" is a moving curve on F , and thus 

< A-C" = -ai a,._i+2 < 3 - r. 
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If r = 3, then A • C" = 0, which imphes that A does not contain any fiber of tt^ as irreducible component, 
i.e., A = (7. Similarly, if r = 2, then either A = cr, or A = ct + /, where / is a fiber of np. In any case, 
we see that {F, A) is log canonical. Therefore, by Proposition 15.31 there is a point xq ^ X contained in the 
closure of a general leaf of 

Suppose that A — a. We will show that ^ = 1. Let T be the normalization of the closure of Tq in 
Chow(X), with universal family morphisms n : U ^ T and e : [/ — > X. We denote by the foliation on 
U induced by and by the foliation on T induced by Consider the commutative diagram: 



e 




T 

Let E d U he the exceptional locus of e. Since X is smooth, E has pure codimension one in U. Since 
ci(^)™ ■ Y = I, the fibers of tt are irreducible, and thus i? is a union of fibers of tt. 

We claim that the image of F in [/ does not meet E. This implies that e is an isomorphism over a 
neighborhood of xq. Suppose otherwise that there is a point c € C that is mapped into Tr{E) C T. Set 
/ := TTp^ic) C F, and denote by x G e{E) C X the image of a general point of /. Note that e^^{x) is 

positive dimensional, while its intersection with the image of F in U is zero-dimensional. Hence there is a 
positive dimensional family of general leaves of meeting e~^{x), yielding a positive dimensional family 
of general leaves of ^ passing through x. This shows that / C A, contradicting the assumption that A = a, 
and proving the claim. 

Since e is an isomorphism over a neighborhood of xq, and the general leaf of J? contains xq, we conclude 
that the general leaf of contains the point to — 7r(e~"'^(a:o)) G T. Let u G 7r^^(to) be a general point, and 
let c G C be a point mapped to io- Then there is a leaf of -^Xc whose image in U contains the point u. 
Thus, if I — dimT > 1, then we can find a positive dimensional family of general leaves of containing u. 
Since e is birational at u, we conclude that u lies in the singular locus of Thus e(^Tr~^ (to)) is contained in 
the singular locus of and A contains a fiber of tt^, contradicting our assumptions. We have just proved 
that ii A — a, then I = 1, and thus X = Xc — Ppi (tt*^). 

From now on suppose that r = 2 and A — + /. In particular we must have I > 1. We must show that 
in this case ttq extends to a P™-bundle ir : X ^ FK Let H' C RatCurves(X) be a family that parametrizes 
(among possibly other curves) the image of ct in X. Since s/p ■ a = 1, H' is unsplit. Notice that H and 
H' are numerically independent in Ni{X), and X is (i?, ff')-rationally connected. The latter is because 
F is itself rationally connected with respect to families obtained from restriction of H and H', and there 
is a point xq ^ X contained in the closure of a general leaf of It follows from (Kol96[ IV. 3. 13.3] that 
P{X) = 2. _ 

Next we show that H generates an extremal ray of the Mori cone NE(X) (see [KM98] for the definition 
and properties of the Mori cone). First we claim that the common point a;o lies in the image of ct in X. 
In any case, xq G e(A) by Lemma [5.61 Notice that is regular at the generic point of any fiber of ttc- 

Thus the image of the singular locus of .^Xc in P is o'- Hence, given any point in the image of \ a in 
Xc, there is a leaf of .^Xc that does not pass through this point. So we must have xq G £' :— e(o'). Now 
let Z C X be the closure of the union of the curves i' when F runs through general leaves of Then Z 
is irreducible, it dominates Tq, and dimZ — dimTg. By [Kol96l IV. 3. 13. 3], Ni{Z) is generated by [£']. By 
construction, a general point of X can be connected to Z by a curve from H. Since H is unsplit, this is a 
closed condition, and it holds for every point of X. It follows from |BSW921 (Proof of) Lemma 1.4.5] (see 
also |Occ061 Remark 3.3]) that any curve on X is numerically equivalent to a linear combination Xi' + 
where A > and £ is a curve parametrized by H. This implies that [£] generates an extremal ray of NE(X). 
Indeed, suppose [£] = ai + a-i, with a\,ai G NE(X) \ {0}. Write = \i\£'\ + [ii\£\-, with > 0. Then 
(1 — ^1 — [i-2)£ = (Ai + \-2)£' ■ Since £ and £' are numerically independent, we must have Ai = A2 = 0. Thus 
[£] generates an extremal ray of NE(X), and ttq extends to a morphism tt : X — )■ W , namely the contraction 
of the extremal ray generated by H . 
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We claim that the morphism n : X ^ W is equidimensional. Let Xt be a component of a fiber of n. 
Since n is the contraction of the extremal rays generated by H, Ni{Xt) is generated by classes of curves 
from the family H. Moreover, since any point of X can be connected to Z by a curve from H , Xt meets 
Z. On the other hand, Ni{Z) is generated by [£']. Thus Z Ci Xt must be 0-dimensional. We conclude from 
these observations that dimXt + diuiZ = dimX, and 7f is equidimensional. 

By |Fuj87[ Lemma 2.12], W is smooth and tt is a P'^-bundle. Recall from the beginning of the proof that 
there exists a line bundle C T\y on W such that • B > for a curve B CW. Since p{W) = 1, it follows 
that ^ is ample. By |Wah83| . since Z > 1, we must have (W,^) ~ (P', <fff.i{l)). □ 

We end this section by proving Theorcm ll.il 

Proof of Theorem \l.l\ Write det(^) = for an ample line bundle ^ on X . Set r :— rg: ^ 2 and 

n :— dim(X) > 3. The proof is by induction on n. 

By Remark 12.91 we know that X is uniruled. Fix a minimal dominating family H of rational curves on 
X, and let ttq : Xq Tq be the i?-rationally connected quotient of X. 

Step 1. Let [/] G be a general member. We show that one of the following holds. 

(1) f*^ ~ ^pi(l)®'-i © ^jpi, and H is unsplit, or 

(2) f*.^ ~ ^pi(2) © ffpi (r = 2), or 

(3) ~ £?pi(2) ® ^pi(l)®''^3 ^ ^02 (-^ ^ ^j^^ ^ unsplit. 

Write f*^ ~ ^pi(ai) © ■ • • ® i^pi(ar), where ai < • • • < and ai + • • • + a,. = (r - 1)^/ ■ i. By 

|Kol96l IV.2.9], /*rx ~ ^pi(2) © /^pi(l)®'^ © ^p/""''"^^ where d = deg(/*rx) - 2 > 0. By Lemma [OOl 
/*^ cannot be ample. Therefore, either the a^'s are as in one of the three cases listed above, or f *^ ~ 
^pi (2) ffi ^pi (l)®''-2 ff^-^ (—1). Moreover, in the latter case and in cases (1) or (3) above, we have £/ ■£ — 1, 
and hence H is unsplit. 

We claim that f*^ 9^ &pi{2) © ^pi(l)®''~2 © ^pi(-l). Suppose otherwise. Then Tpi C f*^ for 
gen eral [/] G H, and Lemma ES implies that Tx„/To S ^Uo- Hence f*Tx„/Yo ^ ^pi(2) © /^pi (1)®''~2. 
By |Ara06j . ttq is a projective space bundle, and we may assume that codimj(:(X \ Xq) > 2. By lemma 
16. 7|. ^ induces a foliation by curves on Tq. For a general point to in Tq, let Co C Tq be the germ of the 
leaf (in the complex analytic topology) through to. Then 7rQ'^(Co) is the germ of a leaf of and thus 
f*^ ~ ^pi(2) © ,^pi(l)®'-2 © ^pi, a contradiction. 

Step 2. We treat case (1): f *^ ~ ^pi(l)®'^-i © ^pi and H is unsplit. 

By [ADK08 ' Lemma 2.2], we may assume that codimjs:(X \ Xq) > 2, To is smooth, and ttq is proper, 
surjective, equidimensional, and has irreducible and reduced fibers. 

If dim(To) = 0, then, since the family H is unsplit, p{X) ~ 1, and the result follows from Proposition !?.?! 
So we may assume that dim(To) ^ 1. By Proposition !?. 13! we may assume also that ^\xa Si Txo/To- Denote 
by F a general fiber of ttq, and set m = dimF. Then J^\y C Ty is a Del Pezzo foliation on the smooth 
projective variety Y. IfY^ P™, then the result follows by induction on the dimension. So we may assume 
that Y ~ P™. Since .s/\y ^ '^P'"(l), tto is a P™-bundle by |Fuj?5[ Corollary 5.4]. By removing a subset of 
codimension > 2 in To if necessary, we may assume that ^|xo is a subbundle of Tx^/Tq- 

Let B C Xq be a general smooth complete curve, set Xb Xq B, and consider the induced P'"- 
bundle ttb : Xb — > B. Denote by £/xb the pullback from X of the line bundle £/, and by ^Xb S= Tx^/b 
the pullback of Then det{J^XB) = '^Xb~^' Thus ^Xb is algebraically integrable and has rationally 
connected general leaf by Proposition !?. 9! Since B is general, the same holds for 

Step 3. We treat case (2): r = 2 and f*.^ ~ ffpi (2)©^pi. We wiU show in particular that if --^|xo 9- Txo/To, 
then ttq is a P^-bundle, and is the pullback via ttq of a foliation by rational curves on To- 

Let X (z X he a, general point, and Cx C V{TxX*) the variety of minimal rational tangents at x associated 
to H. Since Tpi C f*^ for general [/] G H, we have C C P(T^X*). 

We claim that dim(i7^) = 0. Indeed, suppose dim{Hx) > 0. Then = Vi-^*) ^ P^ By |Ara06j . 
after shrinking Xq and To if necessary, ttq : Xq — > To becomes a P'^-bundle over a smooth base. Hence 
^\xo = Txo/To ^ Txo, and thus f*J^ ~ ^pi(2) © i^pi(l), a contradiction. This proves the claim. 
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Suppose it{Hx) ^ 2, and fix [i] G Hx- Then the surface obtained as the union of curves from H meeting £ 
at general points is invariant under and thus it is the leaf of through x. This shows that the general 
leaf of ^ is algebraic and rationally connected. 

From now on we assume that ]j,{Hx) = 1. After shrinking Xq and Tq if necessary, we may assume that ttq 
is a P^-bundle over a smooth base, and there is an exact sequence 

where % is an invertible subsheaf of Ttq. By Lemma [6.121 % defines a foliation by rational curves on Tq. 
The general leaf of ^ is the closure of the inverse image by ttq of a general leaf of Hence it is algebraic 
and rationally connected. 

Step 4. Finally we treat case (3): r ^ 3, f*^ ~ ffpi (2) ® ffpi {l)®^-^ © ff®^ and H is unspht. In particular, 
we show that one of the following holds: 

• TTo is a quadric bundle of relative dimension r — 1, and is the puUback via ttq of a foliation by 
rational curves on Tq- 

• TTo is a P''~^-bundle, and ^ is the puUback by ttq of a foliation by rationally connected surfaces on 
To. 

Since ^pi (2) C f*,^, we must have Tx„/To C by IcmmaEH Thus tTx^/To ^ ^pi (2)©^pi (1)®'-^© 

with k £ {0, 1, 2}, and dim To > 0. 

Suppose that k = 2. Then J?|xo = Tx^/Tq- In particular, ^ has log canonical singularities along a 
general leaf. But this contradicts Proposition 15.31 which asserts that there is a common point through a 
general leaf of ^ . 

Next suppose that fc = 1, and denote by Y the general fiber of ttq. Then dim(To) ^ 2, dimF = r — 1, and 
det(Ty) ~ (j^|y)®'-i. Thus r ~ Qr-i by |K073| . By Lemmas O and [HI =^ induces a foliation % by 
rational curves on Tq. The general leaf of J? is the closure of the inverse image under ttq of a general leaf of 
%. Hence it is algebraic and rationally connected. 

Finally we suppose that k — Q, and denote by Y the general fiber of tto. Then dim(ro) ^ 3, dimF = r — 2, 
and det(ry) ~ Thus F ~ P''-^ by |K073j . and, since H is unsplit, tto can be extended in 

codimension 1 to a P'"~^-bundle over a smooth base. We still denote this extension by ttq : Xq — >■ Tq. By 
lemma [6771 ^ induces a rank 2 foliation % on Tq. By removing a subset of codimension > 2 in Tq if 
necessary, we may assume that is a subbundle of Ttq. Since ttq is smooth, ^\xo — {d''^i))^^ {'^q'^o) , and 
there exists an exact sequence of vector bundles 

^ Tx,,Yo ^ =^|xo ^ 7r*% ^ 0. 

Let =S be a coherent sheaf of ^x-uiodules extending ttq^. Let B C be a general complete intersection 
curve for £2 and jz/ in the sense of Mehta-Ramanathan. Consider the induced P'"^^-bundle ttb ■ Xb = 
B Xq — )> B, with natural morphisms: 




Then^XB(9*(-^.^)) = (-^XB/B)«)7r^(n*(det(%))) . We know that -/Cj^^/s is not ample by |Miy93[ 
Theorem 2]. Hence deg^ (n*(det(%))) > 0. 

If is ample, then the general leaf of % is algebraic and rationally connected by Theorem 11.21 Since 
the general leaf of ^ is the closure of the inverse image under ttq of a general leaf of j it follows that the 
general leaf of is algebraic and rationally connected. So we may assume that n*^^o is not ample, and 
hence not semistable. 

By Lemma [7!4l there is a saturated rank 1 subsheaf ^q C % such that deg^in* ^o) > \ deg3(n*%) > 0. 
By Theorem 11.21 the general leaf of the foliation ^q C Ttq is a rational curve. Let C ~ P^ be a smooth 
compactification of a general leaf Cq of ,^q, and let Xc be the normalization of the closure of 7rQ"^(Co) in 
X , with induced morphism ttc ■ Xq — > C. Denote by £/xc the puUback of £/ to Xq- Every fiber of ttc is 
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generically reduced and irreducible since it has degree one with respect to the ample line bundle s^^Xc ■ Since 
C is smooth, ttc is flat, and Xc is normal, every fiber satisfy Serre's condition Si, and hence it is integral. 
Therefore ttc : Xq — >■ C ~ is a P™-bundle by |Fuj75[ Corollary 5.4]. In particular, Xc is smooth. 

By removing a subset of codimension > 2 in Tq if necessary, we may assume that is a line bundle on 
To, and that there is a line bundle on Tq fitting into an exact sequence 

^ ^0 ^ % ^ .^0 ^ 0- 

Let I£ and be the unique line bundles on X extending ttq^q and ttq^q, respectively. Let be 
the saturated subsheaf of Tx extending ((i7ro)~^(7rQ^o)- Then is a foliation of rank r — 1 on X, and 
det(J^) ~ (g) Jf' *. Notice also that Xc is the normalization of a general leaf of J^, and that is 

regular along a general fiber of ttq. 

Denote by (Xc-D) the general log leaf of Jif ^ and by q : Xc X the natural morphism. Since 
is regular along a general fiber of ttq, D is supported on a finite union of fibers of ttc. Recall that 
exc {-Kxc) ^ q* det(jr) (g) exc (D). So we have 

On the other hand, since dim Xc — r — 1 and £/xc is ample, Fujita's theorem ( [, ] ) implies that ^Xc {Kxc ) ® 
■s/xc~^ is nef. We remark that exactly one of the following holds. 

(a) For any moving section a C Xc of ttc, we have q*^' ■ cr > 0. 

(b) ^Xci-Kxc) - -^xc'^ and D = 0. In this case Xc ^ x F\ s/xc - ^pixpi(l,l) and q*^' ~ 

^Xc- 

Let W be the normalization of the closure in Chow(X) of the subvariety parametrizing general leaves of 
, and U the normalization of the universal cycle over W , with universal family morphisms: 

U — "-^X . 



W 

There are open subsets Xi C X and Wi C W , with codimx(-'^ \ ^i) > 2, such that e is an isomorphism 
over Xi, and tt induces an equidimensional morphism tti : Xi — )■ Wi with connected fibers. Notice that 
J^\xi — Tx-^/Wi- By Lemma |6.7[ ^ induces a rank 1 foliation jVi C Twi, and an exact sequence 

^ ^Ixi ^ ^Ixi -> K^i)**. 

Thus, there is a canonically defined effective divisor Di on Xi such that 

^'\x^®ffxADi) ^ K^i)**. 

By removing a subset of codimension > 2 in Wi if necessary, we may assume that Wi is smooth and jVi is 
locally free. Our aim is to show that the general leaf of ,yVi is a rational curve. Since the general leaf of ^ 
is the closure of the inverse image under tti of a general leaf of ,yyi , it will follow that the general leaf of ^ 
is algebraic and rationally connected. 

Let cr C Xc be a moving section. Then its image in X is a moving curve. Let be a general deformation 
of (?(cr). In particular, we may assume that t' C Xq fl Xi, and that both ,^ and J(f are regular along by 
|Kol96l IL3.7]. 

Suppose that i' is not tangent to . By Lemma [^31 we must have Z? ^ 0. So we are in case (a) above, 
and thus .jSf' • = q* • cr > 0. Now consider the curve 7ri(^') in W\. It is a moving curve, the foliation 
JV\ C Tvi/-j is regular along 7ri(£'), and jV\ ■ 7ri(€') > 0. By Theorem 11.21 this implies that the leaves of c/f! 
are rational curves. 

Next we suppose that I' is tangent to Jif . Set C — 7ro(^') C Tq. Then C is a leaf of ./#o C Tq, and is 
regular along C", i.e., ^q\c' — Tc- Moreover, the same holds for a general deformation of C by Lemma 15751 
Thus Tt„\c' - ^pi(2) © ^®/™'^°"^ As in Step 1, we see that %\c' ^ ^pi(2) © ^pi. This implies that 
^' . = ^0 . C" = 0. So we are in case (b) above: Xc ^ x ¥\ s/xc - ^pixpi(l, 1) and D = Q. We 
may assume that a is the ruling of Xc dominating C. Thus £' determines an unsplit dominating family H' 
of rational curves on X, and tti : Xi — > Wi is nothing but the (iJ, iJ')-rationally connected quotient of X. 
By Lemma [6. 121 jVi is a foliation by rational curves on Wi. 



□ 
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8. On del Pezzo foliations with mild singularities 

In this section we prove Theorem 1 1.31 In fact, Theorem 11.31 foUows immediately from Theorem 18.11 below 
and Proposition 15.31 

Theorem 8.1. Let J? C Tx be a del Pezzo foliation of rank r on a smooth projective n- dimensional variety 
X . Suppose that J? is locally free along the closure of a general leaf. Then 

(1) either X a P''^ -bundle over P"-™^ with 1 < m < n ~ 1, or 

(2) for any minimal dominating family of rational curves on X , with associated rationally connected 
quotient ttq : — > Tq, we have ,'^\xq C Tx„/Ta- 

When X 9^ P", we know from Theorem 1 1 . 1 1 that a del Pezzo foliation ^ on X is algebraically integrable. 
In the proof of Theorem 18. ll in this case, we will consider a suitable resolution of singularities of the general 
leaf of ^ , whose existence is guaranteed by the following theorem. 

Theorem 8.2 ( |Kol071 Theorem 3.35, 3.45] and |GKK10i Corollary 4.7]). Let X be a normal variety. Then 
there exists a resolution of singularities d :Y ^ X such that 

• d is an isomorphism over X \ Sing(X), and 

• d*Ty(— log D) ~ Tx where D is the largest reduced divisor contained in d^^ {Svag{X)) . 

We call a resolution d as in Theorem 18.21 a canonical desingularization of X. 

8.3. Let X be a normal projective variety, and ^ an algebraically integrable 1-Gorcnstcin foliation on X . 
We denote by F the closure of a general leaf of F its normalization, (F, A) the corresponding log leaf, 
and Y a canonical desingularization of F: 

e 



Suppose that is locally free along F. Let D a Y he the largest reduced divisor contained in 
(i~^(Sing(F)). Then e*^ C Ti'(— logD) C Ty . Therefore there exists an effective divisor A on F such 
that 

e*{-K,^) + l^ + D = -KY. 
Recall from Definition 13.41 that Kp + K = e*K^. Hence we have A + D = d*A- Ky/p. Moreover 
Sing(f') C Supp(A) by Lemma [SH Thus Supp(A + D) C d-i(Supp(A)). 

Remark 8.4. Let the notation and assumptions be as in 18. 31 above, and suppose moreover that ^ is a Fano 
foliation. Then A + _D ^ 0. Indeed, if A + D = 0, it follows from the above discussion that F is smooth and 
A = 0. Therefore, ^ is induced by an almost proper map X T, contradicting Proposition 15.31 

Proof of Theorem \8.1\ Write det(^) = with an ample line bundle on X, and denote by S the 

singular locus of ^ . We follow the notation introduced in 18.31 above. 

Let H he a, minimal dominating family of rational curves on X, and ttq : X^ — )■ Tq the associated rationally 
connected quotient. Let [/] £ if be a general member. Suppose that .'^\xq 't- Txo/To- Recall from the proof 
of Theorem 1 1 . 1 1 that one of the following holds. 

(1) Either f*^ ~ ^pi(l)®'-i © ^pi, or 

(2) r = 2, /*^ ~ ^pi (2) ^pi , TTo is a P^-bundlc, and ^ is the pullback via ttq of a foliation by rational 
curves on Tq, or 

(3) r > 3, iJ is unsplit, f*.^ ~ ^pi (2) © ^pi (l)®'-3 © ff®^ , and one of the following holds. 

(a) Either ttq is a quadric bundle of relative dimension r — 1, and J? is the pullback via ttq of a 
foliation '^q by rational curves on Tq, or 

(b) ttq is a P'"~^-bundle, and ^ is the pullback by ttq of a foliation % by rationally connected 
surfaces on Tq. 

If we are in case (1), then ttq makes X a P^-bundle over P""™^ with 1 < m < n — 1, by Proposition [7331 
Suppose we are in case (2). Notice that is regular along a general curve from H . 
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The restriction of ttq to F n Xq induces a surjective morphism with connected fibers ip : Y V^. Let 
f C Y he a. general fiber of (f , and set £ := e(/) C F. Then £ n 5* = 0, and F is smooth along £. Thus 
/ n Supp(A + D) = 0. Hence Supp(A + I?) is a union of irreducible components of fibers of (p. 

We claim that Y — F ^ x P^. Suppose otherwise. Then there exists a section Co of ip such that 
Cq < 0. Since Cq (jL Supp(A + £»), we have: 

1 > + 2 = -Ky-Co = -K^-e,{Co) + {A + D)-Co > 1. 

Hence we must have (A + Z?) - Co = 0, and thus the inclusion e*=^ C Ty is an isomorphism in a neighborhood 
of Cq. In particular, no smooth fiber of ip is contained in Supp(A + D). Suppose ip has reducible fibers, 
and let Ci be an irreducible component of a reducible fiber such that Cq D Ci ^ 0. Then Cf < and 
Ci ^ Supp(A + D). As before, we get that {A + D) ■ Ci = 0, and thus the inclusion e*^ C Ty is an 
isomorphism in a neighborhood of Ci . Proceeding by induction, we conclude that no irreducible component 
of a reducible fiber of ip is contained in Supp(A + £'). Thus A + D = 0. But this is impossible by Remark 15^ 
Therefore we must have F = F = x P^, as claimed. In particular, D = 0. 

Let Co be a section of ip such that Cq = 0, and denote by / a fiber of ip. By Remark 18.41 A 7^ 0. Thus 
A = mf for some integer m > 1. We have: 

2 = -KyCo = -X^-e,(Co) + A-Co > 1 + m > 2. 

Hence we must have —K^ ■ e,(Co) = 1 and A = /. Set £' — e(Co), and let H' be the family of rational 
curves on X containing [£']. Then —K^ ■£' = !, and thus H' is unsplit. Let [/'] € iJ' be a general member. 
As in Step 1 of the proof of Theorem [LTI we see that (/')*^ ^ ^pi(l) ® ^pi- Let ir' : X' ^ T' be the 
i?'-rationally connected quotient of X. Notice that £ and £' are numerically independent in X. Therefore £ 
is not contracted by tt'. On the other hand, £ is contained in a leaf of So we must have ^\x' ^it Tx'/t'- 
From the analysis of case (1) above and Proposition 17.131 we conclude that tt' makes X a P"~^-bundle over 
pi. 

Next we show that case (3a) does not occur. 

Suppose to the contrary that H is unsplit, ttq : Xq — >■ To is a quadric bundle of relative dimension r — 1, 
and ^ is the puUback via ttq of a foliation by rational curves on To. By |ADK08| Lemma 2.2], TTo can 
be extended in codimension 1 in X to a proper surjective equidimensional morphism with irreducible and 
reduced fibers. We still denote this extension by ttq : Xq Tq. 

The morphism ttq induces a morphism ttb ■ Y ^ P^ , where P^ i? is a smooth compactification of a 
general leaf B of the foliation % on Tq. Since ^ is regular along a general fiber of ttq, Supp(A + is a 
union of irreducible components of fibers of tt^. 

Let £' C Y he SL general curve from a minimal horizontal family of rational curves with respect to ttb- 
Then £' (/_ Supp(A + T>), and 

-Ky ■ £' = ~K,^ ■ ej + {A + D) ■ £' = {r - \)s^ ■ ej + (A + £»)•/> r - 1 > 2. 

On the other hand, by Lemma lO -Ky ■£' <2. So we must have r = 3, jz/ • f = 1, and {A + D) ■ £' = 0. 
The latter implies that e{£') n S* = 0. Thus e{£') n Sing(T') = 0, and all fibers of meet the regular locus 
of By Remark 18.41 A + ^ 0. Thus ttb has at least one reducible fiber, and at least one irreducible 
component of such reducible fiber meets the regular locus of By letting B run through general leaves of 
the foliation ^^o, the images in X of reducible fibers of ttb sweep out a divisor on X. But this contradicts 
the fact that ttq has irreducible fibers in codimension 1. 

Finally we show that case (3b) can only occur if X is a P'"-bundle over P"^™. 

So suppose H is unsplit, r > 3, f*^ ~ ^pi(2) © ^pi(l)®'-3 © ff®^ ^ ttq is a P'-^-bundle, and ^ is the 
pullback via ttq of a foliation J#o by rationally connected surfaces on To. Recall that ttq can be extended to 
a P^'^-^-bundle in codimension 1 in X. We still denote this extension by ttq : Xq Tq. 

Let Z he the normalization of a general leaf of Then ttq induces a P''~^-bundle ttz '■ Yq ^ Zq, where 
Yq and Zq are dense open subsets of Y and Z, respectively. Let Hy he a minimal h-dominating family of 
rational curves with respect to ttz, and [£'] £ Hy a general member. Fix a family H' of rational curves on 
X containing a point of RatCurves"(X) corresponding to e{£'). 

Since ^ is regular along a general fiber of ttq, £' ^ Supp(A + D), and 

-Ky ■ £' = -K,<^ ■ ej + {A + D) ■ £' = {r - 1)^/ • ej' + {A + D) ■ £' > r - 1 > 2. 
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On the other hand, by Lemma lO -Ky -i' <S. So -Ky ■ £' G {2, 3}. Moreover si/ ■ ej.' = 1, and thus H' 
is unspht. 

First let us assume that -Ky • f 3. Then r = 4 - (A + £)) • f e {3,4}. By Lemma [Ql H{, is a 
dominating family of rational curves on Y . Thus H' is an unsplit dominating family of rational curves on 
X. Let [/'] G 77' be a general member, and n' : X' T' the i/'-rationally connected quotient of X. Notice 
that H and H' are numerically independent in X. Therefore the general curve from H is not contracted 
by tt', while it is contained in a leaf of J^. So we must have J^\x' 't- Tx'/t'- From the analysis of the 
previous cases, we conclude that either /' falls under case (1) above, and so X is a P^-bundle over P"-™^ or 
f'*^ ~ ^pi(2)©^]pi(l)®'-3® tt' is a P'^-2-bundle, and T^'/t' C ^\x'- In the latter case, ^ is regular 
along a general fiber of tt'. Thus (A + £»)•£' = and r = 4. Let tt" : X" T" be the (ff, i?')-rationally 
connected quotient of X. By Lemma [Ql Tx" /t" C ^\x" , and thus rank{Tx" /t") < rank{^) = 4. On 
the other hand, since H and if' are numerically independent in X, the fibers of the P^-bundles ttq and tt' 
cannot meet along a positive dimensional variety. Therefore the fibers of tt" have dimension at least 4. We 
conclude that =^|x" — Tx"/t"- But this is impossible by Proposition 15.31 

From now on we assume that —Ky ■ £' = 2. Then {A + D) ■ £' = and r = 3. By Lemma [6.31 either Hy 
is a dominating family of rational curves on Y, or Locus{H'y) has codimension 1 in Y . 

If Hy dominating, then H' is an unsplit dominating family of rational curves on X . Let tt' : X' — > T' be 
the i?'-rationally connected quotient of X. As before, we conclude that Tx' /t' C ,j^\x' ■ Let tt" : X" T" 
be the (i?, i?')-rationally connected quotient of X. By Lemma [6.91 Tx" /t" G By Proposition 15. 3[ 

Tx" IT" 7^ '^Ix"- Thus rank{Tx" /T") — 2, and ^ is the puUback via tt" of a foliation by rational curves 
on T". The same argument used in case (3a) above shows that this is impossible. 

Finally, we assume that Locus{Hy) has codimension 1 in Y . Since (A + D) — 0, we have e{£') n5 = 0. 
Therefore the general member of H' avoids S and is tangent to ^ by Lemma 16.51 Let tt" : X" — ^ T" be 
the iJ')-rationally connected quotient of X, and denote by F" a general fiber of tt". By Lemma [6.6[ 
Tx" IT" "G ^\x" ■ In particular, dim F" < 3 = rank{^). We will show that dim F" — 3. From this it follows 
that ^\x" — Tx"iT", contradicting Proposition [Ol and finishing the proof of Theorem 18. II 

Let y G Locus{Hy) be a general point. By |Kol961 IV. 2. 6.1], 

3 + 2 = 6iu\Y +{-Ky ■ £') < dim {Locus{H{^)) + dim (^Locus{{H{^)y)^ + 1 < 2 + dim (^Locus{{H{.)y)^ +1. 

Thus dim ^_Locus((_ffy)y)^ = 2. Since Locus(^{HY)y) C Locus{Hy), and the latter is irreducible and 2- 

dimensional, we conclude that (^Locus{{^HY)y)^ = Locus{Hy)- Then the image of Locus{Hy) in X is 

contained in a general fiber of tt". Moreover, it does not contain any curve from the family H' , since H and 
H' are numerically independent in X. Thus dim_F" = 3. □ 

9. Del Pezzo foliations on projective space bundles 

Our first aim in this section is to give a precise geometric description of del Pezzo foliations ^ on projective 
space bundles X P' such that ^ Tx /pi . 

9.1 (Two special cases). Let tS" be an ample locally free sheaf of rank m+1 > 2 on P', and set X :— Ppi{S'). 
Denote by ^x(l) the tautological line bundle on X, and by tt : X — 5- P' the natural projection. Let 
^ ^ Txipi be a del Pezzo foliation on X, and write det(^) ~ ^'^''^^^ for an ample line bundle £/ on X. 
By Proposition [TTTni t.^ G {2, 3}. We first determine the restriction of ^ to a general line £ on a fiber of tt. 
As in Step 1 of the proof of Theorem [TTTl we verify that .s/-£ = I unless m = I, ^ 2 < I, ~ G{2)®0, 
and Txipi G| 

Suppose we are in the latter case. We claim that X ~ P^ x P', and ^ is the pullback via vr of a degree 
foliation of rank 1 on P'. Indeed, by Lemma [6.71 is the pullback by tt of a rank 1 foliation C Tpi. So 
det(^) ~ det(Tx/pi ) ® tt* det(^), and £/ ~ ^x(2) tt* ( <lei{S*) ® ^) . Write ^ ~ e^i (fc) for some integer 
k. If fc ^ 0, then det(Tx/p!) ~ ^ ® 7r*^p™(-fc) is ample, contradicting |Miy93[ Theorem 2]. By Bott's 
formulae. A; = 1. Let P^ G P' be a line, and write S\pi ~ /^pi (a) ® ^pi (6) with a^b. Let cr : P^ Ppi((f |pi) 
be the section corresponding to the projection ^pi(a) ® i^pi(6) i^pi(a), and set C := (t(P-'^). Then 

1 ^. C = (^x(2) ® 7r*(det((f*) (g)^)) • C = 2a - (a + 6) + 1. 

Thus a ^ 6, and so a = 6. By |OSS80[ Theorem 3.2.1], S ~ ^p.>(a)®2. This proves the claim. 
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So we may restrict ourselves to the case when restricts to &{X) on the fibers of tt. Then, by replacing 
S with TT*^ if necessary, we may assume that det(^) ~ ^x(r^ — 1). 

By Proposition QUI if m = 1, then Z>r = 3,X~pixP',^ = Tx/p', and ^ is the puUback via the 
natural projection x P' — > P' of a degree zero foliation i^pi(l) © ^r'i^) S ^p' ™ay assume 

that m > 2. 

Theorem 9.2. Let be an ample locally free sheaf of rank to + 1 > 3 on P', and set X := Pp; {S"). Denote 
by i^x(l) the tautological line bundle on X , and 6?/ tt : X — > P' the natural projection. Let ^ ^ ^x/p' a 
foliation of rank r > 2 on X such that det(^) ~ ^x{f — !)• 

(1) The possible values for the pair {l,r) are (1,2), (1,3) and (?,2), with I > 2. 

(2) There exists a subbundle Y C (o* such that ^ H T^jv^ — (■'i'*^)(l); inclusion j : det(';^*) ^ Tpi , 
and a commutative diagram of exact sequences 

^ ^ n Tx/pi =i (7r*r)(l) ^ ^ ^ J^w ® TT* det(y*) ^ 

^ Tx/pi ^ Tx ^ 7r*Tpi 

where W d X is a closed subscheme with codimxW^ > 2. 

(3) /// > 2, thenf ~ ^pi(-l). If I = 1, then either r ~ ^pi(-l), orT ~ /^pi(-2), or r ~ ^pi(-l)®2. 

(4) Let be the kernel of the dual map S -» 1^*, and consider the ¥"^^^^^ -bundle Z := Ppi(J^^), with 
natural projection q : Z ^ FK Then ^ is the pullback by the linear projection X/P' Z/P'' of a 
foliation on Z induced by a nonzero global section of Tz (8i q* det('^). 

(5) If I = \ and to > r + 1, then ^ is locally free and W = 9. If moreover Y ~ ^pi(— 1), then 

(7r*r)(l)©7r* det(r*). 

Proof. Item (1) was proved in Proposition 17.101 

Set := ^ n Tx/pi , and recall from the proof of Proposition [TAOl that ^ ~ (7r*r)(l), where f d S'* 
is a saturated subsheaf of rank r — 1 (and thus a subbundle in codimension 1 in P'). Moreover, there is 
an inclusion det('^*) C Tpi, and an isomorphism (^/J^)** ~ 7r*det(y*). We claim that Y is in fact a 
subbundle of (?*. If / = 1, then this is clear. Moreover, in this case either Y ~ ffpi (—1), or ~ ffpi (—2), or 
■y ~ ^pi(-l)®2. If / > 2, then r = 2, and 'f is locally free of rank 1. The condition det(l^*) C Tpi implies 
that 'V ~ ^pi{—l). Since is ample, Y must be a subbundle of S"* . This proves (2) and (3). 

Let JT be the kernel of the dual map S' Y*. Consider the P™-''+i-bundle Z := Ppi(J^^), with natural 
projection q : Z The surjection S' Y* induces a rational map p : X Z over P', which restricts to 

a surjective morphismpo ■ Z, where Xo is the complement in X of the P'"~^-subbundle F^Y*) C F{S'). 

As in l7.8| we have J^\xo — Txo/z- By Lemma l677l ^\xo is the pullback via po of a rank 1 foliation C T^. 
One checks easily that ~ q* det{Y*). This proves (4). 

In order to prove (5), recall from l7.8l that. since 1 = 1, J^If is a degree foliation of rank r — 1 on F ~ P™ 
for any fiber F of tt. Thus the map det(J^) ^ A^~^Tx vanishes along a closed subset of dimension equal 
to 1 + (r — 2) = r — 1 ^ dim(X) — 3. I.e., is a subbundle of in codimension ^ 2. By lemma ^ is 
locally free and W = 9. If moreover Y ~ ^?'pi(— 1), then 

H^{X,.y/^(g,'K*det{r)) ~ i?i(X,7r*r(l) (g)7r*^pi(-l)) 

~ iJi (P\ ^pi (-2)®2 (g) ^) by Leray's spectral sequence 
= since S' is ample. 

Hence ^ ~ © tt* det(r*). □ 

Our next goal is to classify locally free sheaves S" on P' for which X = Fpi {S') admits a del Pezzo foliation 
^ ^ Tx/pi- For that purpose, we first recall the definition and basic properties of the Atiyah class of locally 
free sheaves on smooth varieties. 

9.3 (The Atiyah class of a locally free sheaf). Let T be a smooth variety, and S' a locally free sheaf of 
rank to + 1 > 1 on T. Let J^{S') be the sheaf of 1-jets of I.e., as a sheaf of abelian groups on T, 
J].{S) ~ (? © {^\, © S), and the ^y-module structure is given by /(e, a) = (/e, fa — df® e), where /, e and 
a are local sections of ffx, ^ and © S , respectively. The Atiyah class of S is defined to be the element 



ON FANO FOLIATIONS 



31 



at{S') e H^{T, S'nd{S') (g) il}p) corresponding to the Atiyah extension 

It can be exphcitly described as foUows. Choose an affine open cover {Ui)i^j of T such that admits a 
frame /, : 4 <ff\u, for each U,. For i,j G /, define f,, := /"V., ° - Then 

(See |Ati57| Proof of Theorem 5].)- 

Set X := FriiS"), and denote hy n : X ^ T the natural projection. The push-forwarded Euler sequence 
^ ^ Snd{(g) ^ ■n^Tx/T ^ yields a map 

H^{T,Snd{S)®VL}r) H^{T,it^Tx/t ®^t) - H\X,Tx/t '^*^t), 

where the last isomorphism is given by Leray's spectral sequence. We denote by at{S') £ H^{X, Tx/t®''^*^!^) 
the image of at{S') under this map. 

We claim that at{S') is the class in H^{X,Tx/t ® 7r*r2^) of the exact sequence 

(9.1) -> Tx/T Tx ^ tt*Tt . 

To show this, we compute a cocycle that represents the extension class of (|9.ip . Let {Ui)i^j be the affine 
open cover of T chosen above. By shrinking Ui if necessary, we may assume that Tt admits a frame 
ti : ffjjj, Trlui for each Ui, where I = dim(r). Let be dual frame of il^, and set tt^ := tt\{j.. The frame 
fi induces an isomorphism Ui x P™ ~ Pjy. ((fj^.) over Ui, and a splitting Si : n*{TT\ui) ~^ "^xWi of (|9.ip over 
Vt := 7rj^^(C/i). For i,j G /, define 

where ii is viewed as a line vector whose entries are local sections of Tt, and as a column vector. Then 
[(•^jjOi.i] £ H-^{X,Tx/t(^t^*^t) is a cocycle representing the class of (|9.ip . Write d/ij = (aijfen)fe,ne{o,...,m} 
with a^fen e i/°(;7i-, , ) for A:, n m, and set df,j := (a.yfcn2/«gf- ) ^ , , where (yo : ■ ■ ■ : Vm) 

\ ^" / fc,nG{0,...,m} 

are homogeneous coordinates on P™ associated to theframe/i, and Q;yfc„y„ G iJ°(yy,Tx/T €5 ''■*f^Tlvij)- 
We get 

= y., « I v., ) - Si I y., « | y., ) ) < t,^ | v,, 

This proves our claim. 

9.4 (Equivariance for locally free sheaves). Let the notation be as in 19.31 Let W be an invertible sheaf on 
T, and V G H'^{T,Tt (8 a twisted vector field on T. We say that (o is V-equivariant if there exists a 
C-linear map V : ^ ^ W S' lifting the derivation V : ^ (see [CL77j ). By |CL77[ Proposition 1.1], 
is y-equivariant if and only if V^atiS") G H^iT, Snd{,g) ® W) vanishes. 

Lemma 9.5. Let T he a smooth variety, and § a locally free sheaf of rank m+l > 1 onT . Set X :~ Vt{S'), 
denote by tt : X ^ T the natural projection, and by ffx{^) the tautological line bundle on X. Suppose that 
there are locally free subsheaves i : Jff ^ Tx/t '^i^d j : i? !■ Tt fitting into an exact sequence 

Jf ^ ^ TT*B 0. 

Denote by e ^ H^{X,J^ (g) tt*^*) the class of this extension. 

(1) There exists a morphism of ffx -modules ^ Tx extending i : Jif — > Tx/y f^^d -k* j : tt*I2 — > tt*Tt 
if and only if i^e ^ i*at{S) in H^{X,Tx/t tt* ^*) H\T,n^Tx/T ^*)- 

(2) The set of morphisms of i^x -modules ^ — > Tx extending i and TT*j is either empty, or it is a torsor 
under Home^ (ti"*^, Tx/t) — Homff^[^, <Snd{S')). 

(3) Suppose that ^(—1) — ■k*'^ for some locally free sheaf on T . Notice that i : ,yC — > Tx/t 
induces a map 'f —5- tt*{Tx/y{~^)) — ■ Denote by e the image of e under the composite map 
H^{X, TT*^*) ~ iJi(r, r ® (X) ^*) ^ H^{T, Snd{S) ® ^*). Then there exists a morphism 
of ^x -modules Tx extending i and it* j if and only if e— j*at{S) G H^{T, (andi^S") ® =S*) is in 
the image of the natural map H^{T, ^*) H^{T, Snd{S) ® ^*). 
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Proof. Notice that «*e is the extension class of the lower exact sequence in the commutative diagram 

^ ^ *- ^ TT*^ 

i 

^ Tx/T ^ Tx/T ^ ^ 7T*^ ^ 

where the left hand square is co-cartesian. Similarly, j*(at{(S')) is the extension class of the upper exact 
sequence in the commutative diagram 

^ Tx/T ^ Tx y^-n'TT TT*^ ^ TT*^ ^ 

TT* j 

Tx/T Tx ^ tt*Tt 

where the right hand square is cartesian. Thus there exists a morphism of -modules k : ^ ^ Tx that 
fits into a commutative diagram 

^ ^ ^ ^ ^ TT*^ ^ 

i k ir*j 
s- Tx/T ^ Tx ^ TT*Tt ^ 

if and only if ue = j*((rf(f?')) in Tx/t tt*^*) ~ H^{T,tt^Tx/t ® -S*). This proves (1). 

Let ki,k2 '■ ^ ^ Tx be morphisms of ^jf-modules extending i and Tr*j. Then their difference ki — k2 
lies in Homff^{3^,Tx/T) C Home^{^ ,Tx), and (fci — k2)\yf = 0. Conversely, if ip & Homff^{TT* ^,Tx/t), 
then fci + o p : — > Tx extends i and 7r*j, where p : ^ — > tt*^ is the surjective map from above. This 
proves (2). 

For statement (3), observe that j*{at{iS')) is the image of ails') under the composite map 

H\T, Snd{S) ® n^r) ^ H\T, Snd{<g) ® ^*) ^ H\T, tt^Tx/t ® ^*)- 

Moreover, i : M' — Tx/t induces a map 7r*(Tx/y(— 1)) ~ S* . The class ?*e is the image of e e 

U^{,^ ® -K* ^*) ^^{T ,-y ® S ® B*) under the composite map 

H^{T,r H^{T, Snd{S) (g) ^*) ^ H\T,7t,Tx/t ^*) 

since the map 7T*S'nd{S') — Tx/t factors through the natural map 'K*<Snd{S') ■k*S*{1). The cohomology 
of the exact sequence Q ^ ^t ^ S'nd[S) — > n^,Tx/T twisted by £2* yields the exact sequence 

H\T, ^*) H\T,S'nd{S) ® ^*) ~¥ H\T,Tr,Tx/T <S> ^*). 
These observations put together prove (3). □ 

We return to the problem of classifying locally free sheaves S" on P' for which X = Fpi {S") admits a del 
Pezzo foliation ^ ^ 

Theorem 9.6. Let S be an ample locally free sheaf of rank m + 1 > 3 onP', and set X := Ppi(<o'). Denote by 
ffx{f) the tautological line bundle on X , and by tt : X ^ the natural projection. Let r be an integer such 
that 2 < r < m + l — 1. Then there exists a foliation ^ ^ Tx/pi of rank r on X such that det(t^) ~ 6x{r~ 1) 
if and only if one of the following holds. 

(1) I ^ 1, r — 2, and S ~ ff^i {1)®,J^ for some ample vector bundle on P^ such that Jif 9^ (a)®™ 
for any integer a. 

(2) 1 = 1, r ^ 2, and S ~ ^,1(2) © ^pi(a)®™ for some integer a^l. 

(3) ? = 1, r = 3, and S ~ ^pi(l)®2 ® ^pi(a)®'"-i for some integer a^l. 

(4) I ^ 2, r = 2, and there exists a V-equivariant vector bundle J(f on P' for some V G if*'(P',Tpi ® 
Gpi (—1)) \ {0} and an exact sequence — > — !> — > G^i (1) — 0. 

Proof. First we show that these are necessary conditions. Suppose there exists a foliation ^ ^ Tx/p; of 
rank r on X such that det(^) ~ ^xir — !)■ By Theorem 19.21 we know that the possible values for the 
pair (/,r) are (1,2), (1,3) and (1,2), with I > 2. Set Jf := n Tx/pi, and recah from Theorem [Ql that 
^ ~ (7r*r)(l), where Y <Z S* is a subbundle of rank r-l. Moreover if / > 2, then f ~ ffpi (-1). Ul = 1, 
then either Y ~ ^pi(-l), or r ~ ie'pi(-2), or ^ ~ ^pi(-l)®2. There is an inclusion j : det{Y*) ^ Tpi . 
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Finally, let X be the kernel of the dual map S f*, and consider the P'"-'~+i-bundle Z := Pp^-^), with 
natural projection q : Z — > P'. By Theorem 19.21 ^ is the puUback by the linear projection X/P' Z/P' 
of a foliation on Z induced by an inclusion q* det(y*) C Tz that lifts q* j ■ q* det{y*) ^ q*Tpi . 

Let ai(jr) e i?i(P', (?nd(jr) ^Ij.,) be the Atiyah class of J^. Let e H°{F\Tp, ® det(r)) be the 
section associated to j : det('^*) ^ Tpi. By Lemma [931 there exists a map g*det(';^*) Tz lifting q*j 
if and only if j^at{^) £ H^{¥\Snd{,J^) ® det('r)) is in the image of the natural map i?i(P', det(r)) 
ifi(P',^nd(^) (g)det(r)). 

If r ~ ^p, (-1), then H^{¥, det(r)) = 0. Thus there exists q* det(r*) ^ Tz lifting q* j : q* det{r*) 
q*Tpi if and only if ,Jf is y-equi variant. If Z > 2, this is case (4) above. 

From now on suppose ? = 1, and write J(f ~ ^pi(ao) © • • • © ffpi{ak), with fc = m — r + 1. In terms of 
this decomposition we have: 



(at{ffpi{aa)) ••• \ 

■•. '•. : 



: '■■ 

V •••0 at{ffri{ak))J 



/iJi(pi,^pi(ao -ao) ©f^pi) ••• iJi(P\^pi(ao-afc)(8)f^i|.i)' 



\iJi(pi,^pi(afc -ao)©f2j.i) ■•• Fi(pi,^pi(afe -Ofc) 

If det('^) ~ i^pi (—2) ~ fipi , then there exists a map g* det(l^*) — s> lifting g*j if and only if oo = • ■ • = 
flfc. Since S is an ample vector bundle, this implies that S ~ Y* © This is case (2) or (3) above. 

Finally, suppose that Y ~ i^?'pi(— 1). Since S is ample, we must have <S ~ ^pi(l) © and must be 
ample. Suppose that Jff ~ ^pi(a)®" for some integer a. Then Z ~ P^ x P™"!. Denote by 5 : Z ^ P™-i 
the second projection. Then Tz ^ q* det{f) ~ g*^pi(-l) © (g*^pi(-l) © g*Tp^~i). Thus any nonzero 
global section of Tz © q* det(y) vanishes along an hypersurface in Z, contradicting the fact that q* det('^) 
is saturated in Tz- 

Conversely, let us show that these are sufficient conditions. Given I, S and r satisfying one of the conditions 
above, we will construct a foliation ^ ^ Tx/pi of rank r on X such that det(^) ~ Gx^t — 1) in steps. First 
we will find a vector bundle Y of rank r — 1 on P' fitting into an exact sequence of vector bundles 

^ ^ ^ r* ^ 0, 

and such that there is an inclusion j '■ det('X^*) ^ Tpi. We then set Z := Ppi(J^), with natural projection 
q : Z The exact sequence above induces a rational map y . X Z over P , which restricts to a 

surjective morphism po '■ -^0 — ^ -^i where Xq is the complement in X of the P''^^-subbundle P(7^*) C V(S). 
Note that codimx(^ \ ^0) > 2. The next step consists of lifting the inclusion j : det(7^*) ^ Tpi to an 
inclusion g* det(y) C Tz- We then check that g* det(';^) is saturated in Tz, and let ^ be the unique saturated 
subsheaf of Tx extending dpQ^{q* det(y*)) C Txg- It is a foliation on X satisfying det(^) ~ Gx{r - 1). 

Case (1). Suppose that / = 1, r = 2, and S" ~ ^?pi(l) © ^ for some ample vector bundle J(f on P^ 
such that JT 9^ ^pi(a)®™ for any integer a. We set Y := ^pi(-l) and let j : ~ (^pi(l) ^ Tpi be 
the inclusion associated to some V G iJ"(P\Tpi (g) ^pi(-l)) \ {0}. Then ^ is V^-equivariant, and so there 
exists a map g*^pi(l) ^ Tz lifting q*j. It remains to show that g*^pi(l) is saturated in Tz- To prove 
this, by Lemma 19. 7[ it is enough to show that q*ffpi (1) is a subbundle of Tz in codimension 1. Suppose to 
the contrary that the map g*^pi(l) — > Tz vanishes along an hypersurface E in Z. Then the composed map 
q*^pi(l) Tz ^ <?*Tpi vanishes along S, and S must be a fiber of q. By Lemma 1931 =^ — ^pi(a)®" for 
some a ^ 1, contradicting our assumptions. 

Case (2). Suppose that / = 1, r = 2, and S" ~ i^pi(2) © ^pi(a)®™ for some integer a ^ 1. We set 
r i^pi(-2) and fix an isomorphism j : Y* ^ Tpi. Then Z ~ P^ x P™-i, and q*j hfts to a fohation 
q*rpi C Tz- 

Case (3). Suppose that / = 1, r 3, and S ~ ^pi(l)®2 © ffpi{a)®"'-^ for some integer a ^ 1. We set 
r := i^pi and fix an isomorphism j : det(r*) ~ Tpi . Then Z ~ pi x P™-^ and q*j lifts to a fohation 

q*rpi C Tz- 
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Case (4). Suppose that I ^ 2, r — 2, and there exists a y-equivariant vector bundle on P' for some 
V e H°{V\Tp, (E) ffpi{-l)) \ {0} and an exact sequence ^ ^ ^ ^ (1) ^ 0. We set Y := ^pi(-l) 
and let j : ~ ^pi(l) ^ Tyi be the inclusion associated to V. Since J(f is F-equi variant, there exists 
a map q*&'pi{l) ^ Tz lifting It remains to show that g*^pi(l) is saturated in Tz- To prove this, 

by Lemma 19. 7i it is enough to show that q*i^pi{\) is a subbundle of Tz in codimension 1. Suppose to 
the contrary that the map q*6'ri{l) — >■ Tz vanishes along an hypersurface S in Z. Then the composed 
map g*i^pi(l) Tz ^ q*Tpi vanishes along S, and (7(S) has codimension 1 in PK This is saying that 
ffpi (1) Tpi vanishes in codimension 1 in P', which is impossible since 1^2. □ 

Lemma 9.7. Let X be a normal variety, and S (Z coherent sheaves of i^x -'modules, with S locally free 
and ^ torsion-free. Then S is saturated in ^ if and only if S is a subbundle of ^ in codimension 1. 

Proof. To say that S' is saturated in ^ is equivalent to saying that ^ j S \s, torsion-free. To say that is a 
subbundle of ^ in codimension 1 is equivalent to saying that ^ j S is locally free in codimension 1. Since 
X is normal, if ^ j § is torsion-free, then it is locally free in codimension 1. Conversely, suppose that ^ jS 
is locally free in codimension 1, and let us show that jS is torsion- free. Let / be a nonzero local section 
of Gx and s a local section of ^ such that /s is a local section of § . Since ^ is torsion-free, s is a rational 
section of § . By assumption, s is regular in codimension 1. Since X is normal and S is locally free, it follows 
that s is a regular local section oi S . □ 

Remark 9.8. Lemma [9.71 fails to be true if ^ is not torsion-free. Let ."^ :— S ® ■S' where is a torsion 
sheaf whose support has codimension > 2 in X. Then is a subbundle of ^ in codimension 1 but ^ jS = 
is a torsion sheaf. 

Lemma 9.9. Let — >■ — !■ — > =S — > fee an exact sequence of coherent sheaves on a noetherian integral 
Cohen- Macaulay scheme X . Suppose that ^ is reflexive, M' and ^** are locally free, and i2 is locally free 
in codimension 2. Then ,^ and ^ are locally free. 

Proof. By hypothesis, there is an open subset U d X, with codimx(^ \ L'') > 3, such that M'\u and 
are locally free. Moreover ^ ® ^* is locally free, and hence a Cohen-Macaulay sheaf. So we have 
(g) ~ H^{U, {J^®^*)\u)- Therefore, the extension class of the exact sequence -> .J^\u -> 
^1(7 -J> ^- on J7 yields an exact sequence ^- ^ -> ^' ^** Q on X such that ^'\u ^ ■ 
Since X is reduced and both and are locally free, so is . Since ^ is reflexive, ^ ~ by [HarSOi 
Proposition 1.6]. □ 

Our next goal is to construct del Pezzo foliations ^ on projective space bundles X ^ T such that 
^ C Tx/T- These can be viewed as families of del Pezzo foliations on projective spaces. 

Construction 9.10. Let T be a positive dimensional smooth projective variety, S an ample locally free 
sheaf of rank m + 1 > 2 on T, and set X := Pt(<o'). Denote by ^js:(l) the tautological line bmidle on X, 
and by TT : X ^ T the natural projection. Let r be an integer such that 2 ^ r ^ m — 1. 
We explain how to construct del Pezzo foliation ,^ of rank r on X such that ^ C Tx/t- 
Suppose that there are locally free sheaves £2 and ,J€ on T, of rank r — 1 ^ 1 and m — r -\- 2 ^ 3, 
respectively, fitting into an exact sequence 

In particular, ^ is ample. Denote by e G H^{T, Jif ® cS*) the class of this extension. 

Set Z := Ft{J^) T, denote by ^z(l) the tautological line bundle on Z, and by g : Z — > T the natural 
projection. Recall the pushed-forwarded Euler's sequence: 

(9.2) -> ^ S'ndff^iJ^r) -> q*Tz/T ^ 0. 

Let c : Y X he the blow up of X along L := Pt(^) where the inclusion L C X is induced by the 
surjection S" ^ ^. Let E C Y he the exceptional divisor of c. By Leray's spectral sequence, there is a 
natural isomorphism H^{Z, ffziX) ® q*^*) ^ H^{T,.J€ ® ^*). Let he the vector bundle on Z associated 
to the image of e in H^{Z, &ziX) ® q* 3*\ Then ^ has rank r, q^.M' = § , and there is a commutative 
diagram of exact sequences: 
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0- 



^z(l) 



q*B- 



0. 



Denote by g : Tz{:^) — > Z the natural projection, and by the the tautological line bundle. 

Observe that there is an isomorphism Y ~ {'^) that fits into the commutative diagram 




z = PT(jr), 



X 



where c is induced by the surjection 

cS = g*{q*S) g*M' -« ^P2(^)(l). 
In order to construct a del Pezzo foliation ^ on X we make the following assumptions. 

(1) There is an injective map ip : det(=2) ^ S'ndff^{.J^) (equivalently, h°{T,det{^)* '^S'ndg'^i.^)) ^ 0). 

(2) The inclusion q* det(^) C Tz/t C Tz induced by ip via ()9.2p defines a foliation on Z. By Lemma [9?^ 
this is equivalent to requiring that the map q* det(=S) ^ Tz/t is nonzero in codimension 1. 

We then set ■= dg-^{q* det(^)) C Ty, and ^ := df{^y) C Tx/t C Tx- 

For any t G T, let vt S Endc{,Jtt) be an endomorphism induced by at t G T. Then the foliation on 



induced by is the linear pullback of a foliation '^t on Zt 



induced by the global 



holomorphic vector field Vt associated to Vt- One can prove that the closure of a general leaf of is a 
rational curve C meeting the singular locus of 'St at a single point. Moreover, either this point is a cusp on 
C, or Vt viewed as a local vector field on C vanishes with multiplicity at least 2. 

Once assumption (1) above is fulfilled, we investigate when assumption (2) holds. 

First we claim that vt is a nilpotent endomorphism for any t gT . Indeed, the composite map 

det(^)®'= Sndff^{.J^)®^ Gt 

a\®---®ak i — > (^(ai) ig) • • • "^(afc) i — > Tr(i^(ai) o • • • o (^(afc)) 

is zero since det(cS) is ample. Thus Tr(wt o • ■ • o uj) = for any fc ^ 1, showing that vt is nilpotent. 

k times 

Notice that q* det(^) is saturated in Tz/t if and only if the following holds. For a general point t G T, 
Vt has rank ^ 2, and there exists an open subset To C T, with codimy(T \ Tq) ^ 2, such that Vt has rank 
^ 1 for any point t GTq. 

Finally, observe that the assumptions are fulfilled if Ji^ contains det(=S) ©det(=S)®^ ©det(cS)®^ as a direct 
summand, and det(^) ^ S'ndff^ ( det{^) © det{^)'^^ © det(^)®3) is associated to 




We end this section by addressing Fano Pfaff fields on projective space bundles. 

Proposition 9.11. Let T be a smooth projective variety, S a locally free sheaf of rank m + 1 > 2 on T, 
and set X :— ¥t{<S'). Denote by ^x(l) the tautological line bundle on X, and by tt : X ^ T the natural 
projection. Let r ^ 2 be an integer. 

(1) Ifr^m + 3 thenh°{X,A''Txi~r + l)) =0. 

(2) If h°{X,A''Txi-r + l)) ^ 0, then h'^ [X, A'-'Tx/Ti-r + 1) ® tt* {A^'Tt)) ^ for some s G {0,1,2}. 
If h°lx, A'^^^Tx/ri-r + I) (E> n*{A^TT)) ^0 then r = m + 2 ^ 3. 

(3) If S is an ample vector bundle and h'^ {X, A''-'^Tx/T{-r+l)®Ti* {A^Tt)) j^O, then either T ^ x¥^ 



and r — 2 = m = 1, or T • 



and r — 2 



2, orT ^Pi- (1^2) and r 
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(4) IfS" is an ample vector bundle, I = dim(T) > 1, h°{X, A'-'^Tx/T{~r + l)®TT*TT) ^ and p(T) = 1, 
then r ~ P' and r sC 3. 

Proof. The short exact sequence 

Tx/T -^Tx ^ tt*Tt 

yields a filtration 

ATx ^FoDFiD---DFr+i=0 

such that 

F,/F,+, ~ A^Tx/T 7r*{/\^-'TT). 
By Bott's formulae, h° S'Tr^i-r + 1)) = if cither i ^ r - 3 and r - 2 < m, or i = r - 2 and 
r — 2 < m. So in these cases we have h^{X, {Fi/ Fi^i){~r + 1)) = 0, proving (1) and (2). 

From now on suppose that is an ample vector bundle. If h°{X, A'^^'^Tx/xi-r + 1) Tr*{A'^TT)) ^ 0, 
then r - 2 = m ^ 1, r ^ 3, and A'-^Tx/ri-r + 1) ~ tt* det((f *). Hence h°{T, A^Tt d) det{£*)) ^ 0. By 
pPlOj . either T ~ x and r - 2 = m = 1, or T ~ and r - 2 = m = 2, or T ~ > 2) and 

r — 2 = m = 1, proving (3). 

Now suppose that p{T) = 1, and h°{X, A'^-'^Tx/ri-r + 1) ® t:*Tt) ^ 0. Euler's sequence 

^ iffx ^ 7r*ff*(l) ^ Tx/T 

induces an exact sequence 

^ A'-^Tx/ri-r + l) A'-\*{<ff*) A'-'^Tx/xhr + 1) ~> 0. 

By Bott's formulae, h° {P"^ , A''-^Trr^{-r + 1)) = and /i^ (P™, A'-2Tp„. (-r + 1)) = 0. Hence 7r*( A'^^ 
Tx/ri—r + 1)) = and i?^7r*( A*""^ Tx/Ti—r + 1)) = 0. Thus, by pushing forward by n the above exact 
sequence, we conclude that A^^^S"* ~ 7r*( A''^^ Tx/ri^f + !))• The projection formula then yields an 
isomorphism 

H'^iT, A"^-^^* (g, Tt) - H%X, A'-^Tx/ri-r + 1) (Si p*Tt) ^{0}. 
By |AKP08| Corollary 4.3], we must have T ~ P'. 

A nonzero section of A^^^S"* (g) Tpi yields a nonzero map a : A^^^S — > Tpi. Let ^ C P' be a general line, 
and write S\i fffi (ao) ® • • • © ff^i (am), with 1 ^ oq ^ • • • ^ Then a induces a nonzero map 

A'^-i(^pi(oo)©---® ^Pi(a„0) -> ^pi(2)©^pi(l)®'-i. 
Thus r — 1 < ao + • • ■ + 0^-2 ^ 2, proving (4). □ 
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